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ABSTRACT 
With the recent progress made in the field of space tourism, hybrid rocket engines have 
gained a renewed interest due to their simplicity, low cost, operational flexibility, and 
safety. The flow in the ports of a hybrid rocket motor involves several coupled unsteady 
phenomena like moving walls, combustion in a boundary layer flow and mass addition 
along the port, through the regression of the solid fuel wall. The flow in the combustion 
chamber of a hybrid rocket is inherently unsteady because the geometry of the port varies 
as a function of space and time. In the current research, we develop an unsteady 
generalized one-dimensional model of the compressible flow in order to predict the 
variation of the flow properties and the regression of the solid fuel as a function of time 
and the axial coordinate along the port. The resulting governing equations are first solved 
for the steady-state and are compared to Computational Fluid Dynamics results. Once the 
steady-state model is validated, then the partial differential equations are solved that has 
space and time coordinates. This model helps to introduce time-dependent non-acoustic 
instabilities into the system through the injector and the oxidizer mass flow rate. The 
unsteady results are compared with the experimental values and the current model 
predicts the flow behavior accurately. 
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NOMENCLATURE
∗ represents choked condition
i represents inlet condition
0 represents stagnation condition
1 represents flow parameters at location 1
2 represents flow parameters at location 2
γ ratio of specific heat
ρ density of the flow
ρf density of the fuel
ρ¯ non-dimensional density
ρi density at the inlet
τw shear stress term
a,m, n empirical constants
A cross sectional area of the port
A∗ area at sonic condition
A¯ non-dimensional area
Aw port wall area
C circumference of the port
Cp specific heat at constant pressure
Cpg specific heat at constant pressure of the injected gas
Cv Specific heat at constant volume
D0 diameter of the port
e internal energy of the main stream
xiv
Fvisc change in momentum due to viscous forces
G00 initial oxidizer mass flux rate
Gf0 initial fuel mass flux rate
Gox oxidizer mass flux rate
Gf fuel mass flux rate
G0 non-dimensional oxidizer mass flux rate
Gf non-dimensional fuel mass flux rate
G total propellant mass flux rate
h enthalpy of the main stream
hgc enthalpy of injected mass
hpr enthalpy of the products
Lp length of the port
mf mass of the fuel
m˙ox mass flow rate of oxidizer
m˙f mass flow rate of fuel
dm˙g amount of fuel added to the main stream in gaseous from
OF oxidizer to fuel ratio
p pressure of the flow
q˙ volumetric heat addition
Q˙visc heat addition due to viscous forces
R specific gas constant
r˙ regression rate
r˙0 initial regression rate
xv
¯˙r non-dimensional regression rate
t time parameter
t non-dimensional time
T temperature of the flow
Tc temperature of the solid fuel
Tf flame temperature
Tfmax maximum flame temperature
Ti temperature at the inlet
T¯ non-dimensional temperature
T¯f non-dimensional flame temperature
W˙visc work done by viscous forces
V velocity of the flow
Vg velocity of the injected mass
Vi velocity at the inlet
V
′
g axial component of the injected mass
V¯ non-dimensional velocity
x axial parameter
x¯ non-dimensional axial parameter
11. Introduction
A hybrid rocket stores propellant in two different states, namely liquid and solid.
Any propulsion system that is not entirely homogeneous can be known as a hybrid,
but the classical hybrid rocket is usually defined as motor using a solid fuel and a
liquid oxidizer. Unless we specify otherwise, our discussion in this report assumes
the classical hybrid with a solid fuel grain. This flexibility of storing the propellant
separately gives an important advantage of throttling the rocket (Humble, Henry &
Larson, 2007).
Unlike the solid rocket motor, where the oxidizer to fuel ratio was preset, the
hybrid rocket has a variable oxidizer to fuel ratio. This change in mass ratio is a
function of both space and time. Since every point of the combustion chamber has
a different O/F ratio, the flow properties vary spatially and temporally. This key
feature of the hybrid rocket motor drives the current research. The interest on
Hybrids has been around from 1937, initially experimental research was conducted
to study the behavior of a Hybrid rocket engine and several empirical relations were
developed to match the results of the tests.
Researchers followed different physics models like heat transfer, turbulent viscous
model or chemical kinetic effects model to predict the internal ballistics of a hybrid
rocket. With the advent of Computational Fluid Dynamics in the aerospace field, a
better validation to these modeling techniques was achieved. However, it is a quite
known fact that CFD is a time-consuming complex process that solves the flow
governing equations to deduce the flow properties. Because of this limitation, most
of the researchers concentrated on analyzing the flow as a quasi steady state and
2there’s been ample of data that shows a two dimensional or three-dimensional
model of a Hybrid rocket combustion chamber.
The intention of current research is to develop an unsteady one-dimensional
model to obtain the flow properties spatially and temporally. The process starts
from developing a continuity, momentum, and energy equations from the integral
form using a control volume approach. These equations are validated for different
types of flow like isentropic flow, Rayleigh flow, uniform mass injection throughout
the combustion chamber and a steady state solution was obtained considering all
the effects. This part of the research has some preliminary results for all the cases
mentioned above, and future work deals with solving the unsteady solution of the
governing equations.
1.1. Previous and Relevant Work
The earliest work on hybrid rockets was conducted in the late 1930s at I.G.
Farben in Germany and at the California Rocket Society in the United States
(George, Krishnan, Varkey, Ravindran, & Ramachandran, 2001). In 1937, a 10-KN
hybrid rocket was tested using coal and gaseous nitrous oxide (Karabeyoglu &
Altman, 1999).
In the early 1940s, the California Pacific Rocket Society conducted a more
successful effort, which employed Lox and several fuels such as wood, wax, and
finally rubber (Venugopal, Rajesh, & Ramanujachari, 2011). Of these combinations,
the Lox-rubber combination was the most successful: a rocket using these
propellants was flown in June 1951 to an altitude about 9 km. Humble (1995)
found an accurate concept of the fundamentals of hybrid burning as evidenced by
3the following statement:“The chamber pressure of a solid-liquid rocket engine is
proportional to the oxidizer flow and not the internal surface area exposed to the
fame. Thus, there is no danger of explosions due to cracks and fissures in the
charge as with solid propellant rockets”.
The classical hybrid motor combustion model (Wooldridge, 1968) in the early
1960s, is based on turbulent boundary layer transport mechanisms with a diffusion
limited combustion process. The regression of the solid surface is sustained by the
thermal energy feedback from the flame, resulting in a purely convective model.
Those studies led to the generation of a family of regression rate laws in the form
r˙ = f(x)Gnox with an exponent of about n ≈ 0.8, where r˙ is the regression rate, Gox
is the oxidizer mass flux (Marxman & Gilbert, 1963). The theory proposed by the
authors is applicable to the hybrid operating regime in which the regression rate is
not controlled by the reaction kinetics.
The report on Hybrid rocket internal Ballistics shows different models of
empirical expression derivations for calculating the internal ballistics of a Hybrid
rocket motor (Netzer, 1972). This paper provides a review on the existing
expressions for regression rate modeling using heat transfer limited models and
kinetic modeling of a hybrid rocket combustion chamber.
In the journal article, the authors use a combined space and time averaging with
a correction factor to predict the internal ballistics that varies with time and space
(Karabeyoglu, Cantwell, & Zilliac, 2007). They successfully developed an exact
solution for the special case of n = 0.5 in the simple case of a circular port
geometry. However, the fluid properties like pressure,density and velocity are not
4solved in this model. Some of the previous work considers a control volume
approach to derive the governing equations to predict thermo fluid-dynamic
properties (Carmicino & Pastrone, 2018). Their theoretical work focuses on a
steady state model which is based on the procedure developed (Shapiro, 1954). The
major contributing factor in a hybrid rocket is the combustion process, which takes
into account the heat addition to the model. The authors consider a constant
energy addition along the grain length which means the enthalpy gradient is zero
and the regression rate is assumed to be constant all over the grain axis.
An experimental investigation of the regression rate characteristics of HTPB with
oxygen was conducted (Chiaverini, 2000). A real time X-ray radiography system
was used to obtain instantaneous solid fuel regression rate data at different axial
locations. The non-linear trend of the regression rate along the axial location was
predicted and explained in great detail. CFD analysis of Navier stokes equations
coupled with solid pyrolysis, gas phase combustion, turbulence and radiation are
performed to study hybrid rocket combustor flow fields (Venkateswaran & Merkle,
1996). Experimental data of the fuel regression rates and surface temperatures
obtained from the sub scale tests were used to verify the computational model. The
configuration is extended to a full scale axi-symmetric geometry to observe how the
results scale with size and geometric configuration.
The authors of a publication have presented the numerical simulation of the
internal ballistics of a hybrid motor (Cheng & Farmer, 1994). They have used
k-epsilon turbulence model to derive the results and comparison is made to the test
data. The coupling of the regression rate model through the heat transfer from the
5combustion gases, the pyrolysis of the solid fuel, Lox vaporization were taken into
account. The turbulent mixing and finite rate combustion were found to be the
dominant process that controls hybrid motor operation. It showed that the
one-dimensional model of the hybrid rocket can accurately predict the motor
performance. The authors have used a comprehensive model with real fluid
properties and finite rate chemistry to predict the flow inside a nitrous oxide-
HTPB rocket system (Chen et al., 2011).
A different propellant combinations for a hybrid rocket motor to get the history
of specific impulse, Oxidizer-to-fuel (OF) ratio and other propellant characteristics
(Estey & Whittinghill, 1992). The observation from their work is that by adding
metals to the fuel, the optimum OF ratio can be decreased whereas there is not
much difference in the maximum specific impulse value. They also discuss all the
handling and storage characteristics of the oxidizers. A case study to compare
different choice of propellants were presented.
Researcher discuss the status and development of a hybrid rocket technology at
the American Rocket Company (AMROC) (Kniffen, Estey, & Mckinney, 1990).
The development program that produced the H-500 class hybrid rocket motor is
outlined. The failed attempts to commercialize the space sector with hybrid rockets
was explained (Oiknine, 2006). The author tries to analyze the past commercial
venture developments of hybrid rockets. This paper also discuss the scalability and
similarity conditions that were used in a hybrid rocket. The use of liquifying hybrid
fuels such as paraffin wax seems a very promising way to allow the design of a
hybrid booster at a low price.
6The hybrid combustion theory was generalized to solid fuels that form a liquid
layer on their burning surface (Karabeyoglu, Altman, & Cantwell, 2002a). They
have developed liquid layer hybrid combustion theory to predict the high regression
rates of cryogenic solid pentane and solid oxygen. The theory also leads to the
conclusion that certain non-cryogenic materials like paraffin wax will exhibit higher
regression rates which was backed by lab scale tests.
The combustion instability in hybrid rockets was investigated earlier
(Wooldridge, Marxman, & Kier, 1969). The acoustic instability of the steady state
hybrid propellant was studied based on regression rate / pressure coupling in the
pressure sensitive regime. The dependence of regression rate on pressure at low
pressure is attributed to chemical kinetics in the gas flame zone. A theoretical
model based on classical turbulent flame theory was proposed.
A series of static engine firings were conducted (Chiaverini & Kuo, 2007) to
investigate the solid -fuel regression rate and heat transfer behavior in a lab-scale
experiment. The semi-empirical regression rate correlation showed that, the
boundary layer has a significant effect on regression rate behavior. The convection,
radiation from soot has relatively more affect in a low mass flux region and low OF
ratio conditions.
Researchers have studied the combustion of liquifying fuels and the general
theory applicable to it. For several classes of liquifying fuels, the liquid layer is
hydrodynamically unstable in a gas flow environment leading to substantial droplet
entrainment into the gas stream. The susceptibility of a given fuel to this shear
driven instability increases with decreasing viscosity and surface tension of the
7melted layer (Karabeyoglu, Altman, & Cantwell, 2002b). In addition to the
conventional gasification mechanism, the entrainment mass transfer is not affected
by the blocking phenomena induced by blowing from the surface. The theory leads
to a conclusion that certain non-cryogenic and cryogenic materials exhibit high
regression rates. An Orr-Sommerfield equation for linear instability of the liquid gas
interface was derived and an exact solution was found for a linear base velocity
profile. It was discovered that increasing surface tension and liquid viscosity have a
stabilizing effect on the film and is proved by the experimental results.
The basic mechanisms of convective heat transfer, kinetic and radiative effects
were reviewed (Estey & Whittinghill, 1992). Different fuel regression rate equations
were postulated that suit each of the physical mechanisms. For a lower mass flux,
the radiation effects dominate the regression rate. In the medium mass flux rates,
the diffusion process take the control to get regression rates. At high mass flux or
at low pressure, the reaction rates is guided by the kinetics effect.
The scale effects in hybrid motors was studied using similarity conditions (Gany,
1996). The author worked on finding the appropriate conditions under which a
laboratory scale hybrid rocket motor should be tested in order to predict the
behavior of a full scale motor. He postulated that the operating conditions that
need to preserved are geometric similarity, same fuel and oxidizer combination, and
scaling the oxidizer flow rate in proportion to the length scale ( m˙ox
D
= constant).
Investigators have examined two possible solutions to increase the regression rate
(Evans, Favorito, Boyer, & Kuo, 2007). One is utilization of nano-sized energetic
particles and another is adoption of non-polymeric paraffin fuel. Addition of 13
8weight percent of nano-sized tungsten powder to HTPB resulted in an increase of
38 percent in fuel regression rate.
Paraffin based solid fuels containing aluminium flakes showed a significant
increase in regression rate over non-aluminium paraffin fuel. Results show that the
conventional power-law relationship between the average regression rate and
average oxidizer mass flux cannot be applied to the instantaneous regression rates
of solid fuel.
An experimental work was conducted to investigate combustion characteristics of
cylindrical multi-port grain (Kim & Park, 2009) . Small and large scale motors
were tested, and they proved that as the port number increases, the OF ratio in
each port shifts towards the optimum and the regression rate increases when
compared to a single port.
Experimentalists have studied the combustion oscillations in a hybrid rocket
motor burning paraffin wax with gaseous oxygen (De Zilwa, Karabeyoglu, & Zilliac,
2003). A high frequency response pressure transducer was used to observe the
chamber pressure. The spectrum of chamber pressure showed 3 peaks. The first
and dominant oscillation occurred at the natural frequency of the fuel-production
oscillations and was triggered by vortex shedding. The other two peaks were at
around 100 and 350 Hz, which were associated with Helmholtz mode and the
longitudinal acoustic wave in the combustion chamber.
An experimental investigation was conducted to determine relative propulsive
and combustion behavior of various HTPB based solid fuels (Risha, Boyer,
Wehrman, & Kuo, 2002). Different nano particles were cast in an HTPB solid fuel
9grain and their respective combustion properties were recorded. Boron-based solid
fuels showed a significant increase in mass burning rate.
In a study (Lee, Na, & Lee, 2005), a series of experimental tests was done in
order to investigate the enhancement of regression rate when swirl and the helical
configurations are adopted together. Test results show that the modification of
swirl injection can extend the swirl effect far down into the fuel port. Fuel with
small pitch number can induce high regression rate than in high pitch for no swirl
case.
The effect of addition of ammonium perchlorate in the fuel was analyzed
(George, Krishnan, Ramachandran, Varkey, & Raveendran, 1996). The variation of
OF ratio and the characteristic dimensions of fuel grain were presented. The
reduction of port diameter enhance the regression rate and is the most significant
one. The regression rate increases along the axis and it becomes essentially
constant in the port region corresponding to a fuel-rich composition. The
experimentally obtained exponents were found to be significantly different from
those of the conventional theory.
Researchers have conducted experiments to study the affect of various methods
of oxidizer injection on the thrust (Potapkin & Lee, 2004). They demonstrated that
the injection of a swirled oxidizer into the motor duct increases the thrust
performance of a hybrid rocket motor.
Investigators studied the role of injection in hybrid rockets regression rate
behavior (Carmicino & Sorge, 2005). A conical subsonic nozzle was selected as the
injector of the gaseous oxidizer to generate non-uniform conditions at the entrance
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of the fuel port. The fuel regression in the region of the oxygen impingement on the
grain surface was increased several times. This led to irregular fuel consumption
with the characteristic after burn port shape typical of solid fuel ramjets. Empirical
correlations for the prediction of the average regression rate was developed.
In the later work presented by the authors in 2006, they observed the effects of
oxidizer injector design on hybrid rockets combustion stability (Carmicino &
Pastrone, 2006). By comparing the pressure spectra, it was found that the axial
and radial injectors caused completely stable and unstable motor operations
respectively. The unstable combustion is characterized by low frequency pressure
oscillations, around 10 Hz and mostly depending on the grain’s diameter. The low
frequency pressure oscillations were always accompanied by models at around
350-450 Hz. These are non-acoustic and are related to vortex shedding in the
aft-mixing chamber.
The work presented in the year 2010 dealt with the results of the static engine
firings of a hybrid rocket with two different injector configurations: axial and radial
injections. Average regression rates from the axial injector exhibited higher values
and weaker flux dependence (Pastrone, Casalino, Sentinella, & Carmicino, 2010).
This topic is in conjunction with the higher combustion stability and efficiency
renders this configuration particularly attractive. The radial injector, at the same
mass flux and pressure, produces lower regression rate, high pressure oscillations
and worse combustion efficiency.
The spray combustion in hybrid rockets was investigated (Lin & Chiu, 1995).
The sensitivity of the combustion characteristics on the inlet volume mean droplet
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diameter, oxidizer mass flow rate and spray cone angle on the structure of the
combustion flow field were examined. A guide for the optimal design of the
combustor is proposed. Researchers have presented a comprehensive numerical
model with real fluid properties and finite rate chemistry (Chen et al., 2011). Their
research provided the flow field with a nitrous oxide and HTPB fuel combination.
A detailed CFD modeling of the flow field inside a hybrid rocket was presented
(Venkateswaran & Merkle, 1996). The combustion process that takes into account
turbulence, combustion through chemical kinetics, multi-phase effects, solid fuel
pyrolysis and radiation. The flow properties like velocity, temperature, Mach
number contours were presented.
CFD modeling was used to predict the regression rate of HTPB/GOX
combination (Coronetti & Sirignano, 2013). This study takes into account the
sensitivity to some operating parameters such as combustion chamber pressure,
oxygen inlet temperature and mass flow rate. They used k-epsilon turbulence
model along with some species conservation equations to get the results and
compare them with some experiments.
Numerical investigation of the effect of a diaphragm on the performance of a
Hybrid rocket motor was conducted (Lazzarin, Bellomo, Barato, & Grosse, 2010).
This paper describes the use of a CFD code for the analysis of a hybrid rocket
motor with a diaphragm placed in the combustion chamber. Propellants chosen
were paraffin wax and nitrous oxide. Different turbulence models were analyzed
such as k-omega, k-omega SST, k-epsilon, and k-epsilon RNG. Different geometries
for the diaphragm were studied and concluded that the use of diaphragm showed a
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performance enhancement. In 2005, a mathematical model was published for
predicting the entire hybrid rocket engine performance (Antoniou & Akyuzlu,
2005). The authors wrote their theoretical analysis of propellant performance, solid
fuel regression rate, and the characteristics of combustion and flow in hybrid
rockets (Cai & Tian, 2006).
They also studied fuel regression rate and combustion flow from a computational
point of view. A work about a new two-dimensional (2-D) OpenFOAM solver,
specifically created for hybrid rocket’s internal flow field and combustion was
presented (Gariani, Maggi, & Galfetti, 2010). This numerical code is suitable for
polybutadiene and gaseous oxygen, but it does not manage other propellants. In
2011, the investigators proposed another 2-D reactive numerical code, with detailed
chemical mechanisms for pyrolysis and reactions (Mangeot, Gascoin, & Gillard,
2011).
In the work published recently, the author solves the steady state combustion
chamber in a Hybrid rocket by considering chemical kinetics that has six reactions,
nine species and solved the turbulent k-omega viscous model (Mazzetti, 2014). The
hybrid motor comprises some unique features which differ fundamentally from those
of other rocket engines. Typically, it consists of a cylindrical polymeric solid fuel
grain having a single- or multi-port shape, placed in the combustor and burned
with an oxidizer flowing through its ports.
As a result, a gas phase diffusion flame is established between the fuel
gasification products and the oxidizer within the port flow boundary layer
developing over the condensed surface. Nevertheless, the development of hybrid
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rockets and the prediction of their characteristics have generally been based on
simplified empirical methods and correlations. Consequently, different aspects have
been overlooked and the predictions have often been unsatisfactory, particularly for
scaling purposes.
The current research relaxes these two assumptions to give a better
representation of the model. From the experience on working with internal
ballistics, it’s been observed that the regression rate and the O/F ratio varies as a
function of both space and time. The research presented have the simulation of the
CFD quasi steady state behavior of a hybrid rocket combustion chamber where the
fuel regression rate is calculated by the gas/surface interface characterization based
on local and energy balances (Di Martino, Carmicino, & Savino, 2017). The heat
addition is incorporated into the model by convective heat transfer, and the fuel
pyrolysis is modeled using an Arrhenius-type equation.
1.1.1. Motivation
The flow in the combustion chamber of a hybrid rocket is inherently unsteady
and involves coupled physical phenomena like boundary layer flow, solid fuel mass
injection, combustion and port geometry that varies with space and time.
The literature on hybrid rockets has treated flows that are assumed to be either
at a steady state or a quasi-steady state condition, i.e., the port geometry is
assumed to be fixed, and the steady state solution is repeated at different stages of
the burn. Such models are inadequate for studying unsteady phenomena with
variations in port geometry and fluid properties along the axial direction of the
ports.
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The motivation of current research is to develop a mathematical model that can
treat problems in which both unsteady effects as well as variations of the flow
properties and the port geometry along the axial direction of the port are
important, such as ports that have a high length to diameter ratio. It will be
possible to study the effects of variable mass flow rate of the liquid oxidizer,
pressure perturbations, a variable port geometry along the axial direction, such as
an orifice or a diaphragm, as well as the stability of the flow to spatial-temporal
disturbances.
1.2. Plan of Work
The control volume approach is used to model the combustion chamber and
governing equations are derived from the integral form of mass, continuity and
energy equations for the unsteady one dimensional model. These governing
equations are validated first by solving them in steady state for different cases like
isentropic flow, Rayleigh flow and mass injection with choking effects. The next
step is to observe the combined effects that include combustion with mass injection.
This case involves the observation of the dependency of oxidizer to fuel ratio on the
flame temperature to study the variation of thermo-physical properties in the
combustion port.
The transient form of the equations are then solved along with the spatial
variations. This allow us to study the effect of pressure perturbations and the
resulting conditions due to variable mass flow rate of the liquid oxidizer. The
consequences of variable port geometry along the axial direction, such as an orifice
or a diaphragm are observed. This dissertation is divided into eight chapters. First
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chapter gives an introduction to the topic and highlights its importance. Second
chapter is devoted to the derivation of the governing equations of a hybrid rocket.
This is followed by detailed validation of the regression rate modeling in the third
chapter.
In chapter four the steady state solution is presented. Chapter five deals with
the CFD modeling and validation of the steady state results. Chapter six discusses
the partial differential form of the unsteady governing equations, the solution and
its validation. Chapter seven shows a simplified form of the unsteady hybrid rocket
equations. Finally chapter eight summarises this work, draws important conclusions
and gives suggestions for future work.
1.3. Runge-Kutta Method
To solve the differential equations, fourth order runge-kutta method is used in
the present work. Runge-Kutta methods are a class of methods which judiciously
uses the information on the ’slope’ at more than one point to extrapolate the
solution to the future time step. The Runge-Kutta formula for yn+1 is given by:
yn+1 = yn +
1
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(k1 + 2k2 + 2k3 + k4) (1.1)
More details about the derivation of the Fourth Order Runge-Kutta methods can
be found in the book on Numerical methods for Engineers and Scientists (Hoffman
& Frankel, 2014).
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2. Unsteady Generalized Model of a Hybrid Rocket
The present chapter focuses on modeling the unsteady one dimensional flow field
in a hybrid rocket combustion chamber. The assumption of quasi-one-dimensional
flow dictates that the flow properties are functions of one space coordinate in the
axial direction. Even though this assumption does not capture all the details of the
flow across the cross section of the chamber, it is a common approach in
engineering to construct a simplified engineering model.
The model is developed using a finite control volume approach where the control
volume is fixed in space with the fluid moving through it. A classical model of a
hybrid rocket that uses a liquid oxidizer and solid fuel as a propellant is considered
for developing the governing equations. Consider the Figure 2.1, this shows many
Figure 2.1 Schematic of a classical Hybrid Rocket
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components that are typically found in a hybrid rocket engine. A pressurization gas
tank which stores usually an inert gas at a very high pressure is sent into the liquid
oxidizer tank through the pressure control valve. The liquid oxidizer is pumped into
the combustion port at a desired pressure and mass flow rate using a flow control
valve. This liquid oxidizer turns into a gas as it passes through the injector plate
and the solid fuel vaporizes and combine with the oxidizer to produce the required
thrust which expands in the exit nozzle.
2.1. Governing Equations
Let us consider the combustion chamber of the hybrid rocket and develop
governing equations for the flow inside a combustion port. The control volume may
be fixed in space with the fluid moving through it. The control volume is a
reasonable large, finite region of the flow. The boundaries for the control volume
are defined as the inlet through which the oxidizer enters the control volume as a
gaseous main stream.
The vaporized solid fuel is injected into the control volume as a mass addition
from the wall into the main stream, the outlet through which the flow exits and the
symmetric axis. As we are considering the regression rate modeling the fuel
consumed along the port varies spatially and temporally, so this analysis also
considers the effect of variable cross sectional area with time and space.
The flow is treated as a single phase flow and the viscous effects are simplified by
including an average viscous term. All the body forces are neglected and the heat
addition is assumed only due to the combustion process, meaning no conduction
into the fuel from outside atmosphere. The next step is to develop the governing
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Figure 2.2 Control Volume of a Hybrid Rocket
equations for control volume starting from the integral form of continuity,
momentum and energy equations (Anderson, 2007b).
2.1.1. Continuity Equation
The physical principle of conservation of mass is applied to the control volume.
It is expressed as the net mass flow out of the element must equal the time rate of
decrease of mass inside the element. The integral form of the continuity equation
(Anderson, 2007b) is given by,
∂
∂t
∫∫∫
V
ρdV +
∫∫
S
ρV · dS = 0 (2.1)
where the term ∂
∂t
∫∫∫
V
ρdV represents the time rate of change of mass and the term∫∫
S
ρV · dS represents the net mass flux through the control surface. Let us
consider the control volume inside a combustion chamber of thickness dx. The
control volume is exaggerated for the convenience.
The flow properties at station 1 are density ρ, area A and velocity V . As the flow
reaches station 2, there will be a change in the flow parameters and the new
properties is given by density (ρ + dρ), area (A + dA) and velocity (V + dV ). Also
to construct an accurate model of the combustion chamber there is a mass injection
term dm˙g which enters from the boundary of the control volume.
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In physical sense dm˙g is the amount of solid fuel that vaporizes and mixes with
the main flow. To accurately model the hybrid rocket, the mass injection is a very
important source term and is a non linear variable term. Now, let us use the
integral form of continuity equation and derive the governing equations for the
control volume. The volume integral in Equation 2.1 becomes,
∂
∂t
∫∫∫
V
ρdV = ∂
∂t
(ρAdx) (2.2)
where Adx is the volume of the control volume in the limit dx that defines the rate
of change of mass in the control volume. The surface integral in Equation 2.2
becomes, ∫∫
S
ρV · dS = (ρ+ dρ)(A+ dA)(V + dV )− ρAV − dm˙g (2.3)
where the net mass flow rate in the control volume is given by the mass flow
leaving the control volume taken as positive subtracted by the mass flow entering
the control volume. This is the flux term in the continuity equation. After
expanding the above equation and neglecting the terms involving more than one
small element, Equation 2.3 becomes,∫∫
S
ρV · dS = ρV dA+ ρAdV + AV dρ− dwg = d(ρAV )− dm˙g (2.4)
let us substitute Equation 2.4 and Equation 2.2 in Equation 2.1. Using ρ is the
density of the main stream, V is the velocity of the main stream, A is the area of
the cross section and dm˙g is the amount of fuel added to the main stream in
gaseous from. The continuity equation derived for the hybrid rocket combustion
chamber from the integral form can be written as,
∂
∂t
(ρAdx) + ∂(ρAV )− dm˙g = 0 (2.5)
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Now divide Equation 2.5 with dx and use the definition of partial derivative with
respect to x we get,
∂
∂t
(ρA) +
∂
∂x
(ρAV )− ∂m˙g
∂x
= 0 (2.6)
Equation 2.6 is the partial differential equation form of the continuity equation
suitable for unsteady, quasi one dimensional flow of a hybrid rocket combustion
chamber. When the mass injection term dm˙g is neglected, the equation is similar to
quasi-one-dimensional nozzle flow continuity equation (Anderson, 2007b).
∂
∂t
(ρA) +
∂
∂x
(ρAV ) = 0 (2.7)
2.1.2. Momentum Equation
The conservation of momentum in a control volume can be expressed as follows:
the rate of change of linear momentum due to the net flux is equal to the sum of
momentum by pressure flux, body forces and the viscous forces. We will use the
principle of Newton’s second law, the integral form of the momentum equation
(Anderson, 2007b) is given by,
∂
∂t
∫∫∫
V
ρVdV +
∫∫
S
(ρV · dS)V = −
∫∫
S
pdS +
∫∫∫
V
ρfdV + Fvisc (2.8)
where the left hand side of the Equation 2.8 has the rate of change of momentum
and the net flux. The right hand side consists of the pressure flux term − ∫∫
S
pdS,
the change in momentum due to body forces
∫∫∫
V
ρfdV , and the change in
momentum due to viscous forces Fvisc. Let us neglect the body forces, therefore the
term involving the body forces is going to be zero.∫∫∫
V
ρfdV = 0 (2.9)
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The unsteady term in the momentum equation is treated in the same manner as
that of the continuity equation. The volume integral in Equation 2.8 becomes,
∂
∂t
∫∫∫
V
ρVdV = ∂
∂t
(ρV Adx) (2.10)
Now let us consider the flux term in Equation 2.8, the change in momentum due
to mass flow in the control volume is given by the flux leaving the control volume
subtracted by the flux entering the control volume.∫∫
S
(ρV · dS)V = (ρ+ dρ)(V + dV )2(A+ dA)− ρV 2A− dm˙gV ′g (2.11)
where Vg is the velocity of the gas that is sublimated from the solid fuel and V
′
g is
the velocity component in the flow direction. Now, let us consider the surface
integral due to pressure forces term in Equation 2.8,∫∫
S
pdS = (P + dP )(A+ dA)− PA− 2P dA
2
(2.12)
The change in momentum due to pressure forces is given by the net momentum
exerted by the control surface boundaries.
The injected gas stream is not at the control surface pressure. Since the upper
and lower boundaries are inclined, the horizontal component of the pressure forces
are considered for this case. In a viscous flow, the shear and normal viscous stresses
also exerts a surface force. The momentum caused by the frictional forces are
considered by evaluating the viscous term in Equation 2.8 which can be written as,
Fvisc = −τwdAw (2.13)
where τw represents the frictional shearing stress acting on the pipe wall area dAw.
Initially we are including the viscous force terms into the derivation, eventually
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they can be neglected by carrying out the order of magnitude analysis. Let us
substitute Equation 2.10, Equation 2.11, Equation 2.12 and Equation 2.13 in
Equation 2.8 we get,
∂
∂t
(ρV Adx) + (ρ+ dρ)(V + dV )2(A+ dA)− ρV 2A− dm˙gV ′g =
−(P + dP )(A+ dA) + PA+ 2P dA
2
− τwdAw
(2.14)
Now expanding the above equation and neglecting the terms involving more than
one small term. The momentum equation applied to the control volume is given by,
∂
∂t
(ρV Adx) + d(ρV 2A) + Adp = dm˙gV
′
g − τwdAw (2.15)
where p is the pressure of the main stream, V
′
g is the axial component of the
injected mass, τw is the shear stress term and dAw is the pipe wall area. Dividing
Equation 2.15 with dx and use the definition of partial derivative with respect to x
we get,
∂
∂t
(ρV A) +
∂
∂x
(ρV 2A) + A
∂p
∂x
=
∂m˙g
∂x
V
′
g − τw
∂Aw
∂x
(2.16)
The above equation is the momentum equation derived for the unsteady, quasi one
dimensional flow of a hybrid rocket combustion chamber. There can be similarities
drawn with the existing literature data.
The phenomenon which we have taken into account in our analysis include area
change, wall friction, chemical reaction and mixing of gases which are injected into
the main stream. In addition, when the mass injection term and the viscous term
are neglected, the equation is similar to quasi-one-dimensional nozzle flow
momentum equation (Anderson, 2007b).
∂
∂t
(ρV A) +
∂
∂x
(ρV 2A) + A
∂p
∂x
= 0 (2.17)
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2.1.3. Energy Equation
The energy equation states that the rate of change of energy inside and the net
heat flux into the control volume is equal to the rate of work done on the volume
due to body and surface forces, the integral form of the energy equation is given by,
∂
∂t
∫∫∫
V
ρ(e+
V 2
2
)dV +
∫∫
S
ρ(e+
V 2
2
)V · dS =
∫∫∫
V
q˙ρdV + Q˙visc + W˙visc −
∫∫
S
pV · dS +
∫∫∫
V
ρ(f ·V)dV (2.18)
where the left hand side of the Equation 2.18 represents the rate of change of
energy and the right hand side represents the work done by the fluid. Let us
neglect the body forces, therefore the term involving the body forces is zero.∫∫∫
V
ρ(f ·V)dV = 0 (2.19)
The work done and heat added by the viscous effects is relatively very small when
compared to the combustion process therefore, W˙visc = 0 and Q˙visc = 0. So,
consider the heat addition term from Equation 2.18,∫∫∫
V
q˙ρdV = q˙ρAdx = 0 (2.20)
The heat addition for the hybrid rocket is taken through the enthalpy gradient but
not the volumetric heat addition term. If q˙ is the volumetric rate of heat addition
per unit mass. If the heat is transferred into the control volume, then the above
equation can be included otherwise it is redundant. The integral form of the energy
equation reduces to,
∂
∂t
∫∫∫
V
ρ(e+
V 2
2
)dV +
∫∫
S
ρ(e+
V 2
2
)V · dS +
∫∫
S
pV · dS = 0 (2.21)
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combining the two flux terms and introducing the enthalpy (h = e + p
ρ
) into the
energy equation, this will help to introduce the enthaply, h instead of internal
energy, e. The Equation 2.21 can be rewritten as,
∂
∂t
∫∫∫
V
ρ(e+
V 2
2
)dV +
∫∫
S
ρ(e+
p
ρ
+
V 2
2
)V · dS = 0 (2.22)
∂
∂t
∫∫∫
V
ρ(h− p
ρ
+
V 2
2
)dV +
∫∫
S
ρ(h+
V 2
2
)V · dS = 0 (2.23)
Since there is no heat addition into the control volume due to heating through the
wall, we can assume that q˙ = 0. Changes in temperature of the gas injection
traveling along with the main stream are taken to be the result of combustion
process.
Let us consider the unsteady term from Equation 2.23, this is treated in the
similar procedure as that of the continuity equation, so the volume integral in the
momentum equation becomes,
∂
∂t
∫∫∫
V
ρ(h− p
ρ
+
V 2
2
)dV = ∂
∂t
(ρ(h+
V 2
2
− p
ρ
)Adx) (2.24)
The above term gives the net rate of change of total energy in the control volume
which includes the enthalpy, the kinetic energy and the energy due to the change in
pressure with time.
Let us consider the work done by the flux terms and rearranging accordingly,
from Equation 2.23,∫∫
S
(ρh)V · dS +
∫∫
S
(
ρV 2
2
)V · dS = (ρ+ dρ)(h+ dh)(V + dV )(A+ dA)
−ρhAV − dm˙ghgc + (ρ+ dρ)(V + dV )
2
2
(V + dV )(A+ dA)
−ρV
2
2
V A− dm˙g
V 2g
2
(2.25)
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where dh is the small change in enthalpy in the control volume, hgc is the enthaply
of the mass injection term dm˙g entering the control volume meaning the enthaply
of the fuel at a cold temperature.
The work done in the control volume is given by the total enthalpy leaving the
control volume subtracted by the total enthalpy entering the control volume.
Substituting Equation 2.24, Equation 2.25 in Equation 2.23, we get,
∂
∂t
(ρ(h+
V 2
2
− p
ρ
)Adx) + (ρ+ dρ)(h+ dh)(V + dV )(A+ dA)− ρhAV − dm˙ghgc
+
(ρ+ dρ)(V + dV )2
2
(V + dV )(A+ dA)− ρV
2
2
V A− dm˙g
V 2g
2
= 0 (2.26)
Now expanding all the terms in Equation 2.26 and neglecting the terms involving
more than one small element. The integral form of the energy equation reduces to
the following equation,
∂
∂t
(ρhAdx) +
∂
∂t
(
ρV 2
2
Adx)− ∂
∂t
(pAdx) + d(ρAV (h+
V 2
2
))
−dm˙g(hgc +
V 2g
2
) = 0 (2.27)
where h is the enthalpy of the main stream and hgc is the enthalpy of injected
mass. Divide the entire equation with dx and using the definition of partial
derivative we get,
∂
∂t
(ρhA) +
∂
∂t
(
ρV 2A
2
)− ∂
∂t
(pA) +
∂
∂x
(ρAV (h+
V 2
2
))
−∂m˙g
∂x
(hgc +
V 2g
2
) = 0 (2.28)
The above equation is the energy equation derived for the unsteady, quasi one
dimensional flow of a hybrid rocket combustion chamber.
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2.1.4. Equation of State
The pressure gradient in the energy and momentum equations can be eliminated
by using the equation of state,
p = ρRT (2.29)
The governing equations for the Hybrid rocket can be written as,
Continuity
∂
∂t
(ρA) +
∂
∂x
(ρAV ) =
∂m˙g
∂x
(2.30)
Momentum
∂
∂t
(ρV A) +
∂
∂x
(ρV 2A) + A
∂p
∂x
=
∂m˙g
∂x
V
′
g − τw
∂Aw
∂x
(2.31)
Energy
∂
∂t
(ρA(h+
V 2
2
)) +
∂
∂x
(ρAV (h+
V 2
2
))− ∂
∂t
(pA) =
∂m˙g
∂x
(hgc +
V 2g
2
) (2.32)
Equation of state
∂p
∂x
= R(ρ
∂T
∂x
+ T
∂ρ
∂x
) (2.33)
∂p
∂t
= R(ρ
∂T
∂t
+ T
∂ρ
∂t
) (2.34)
The equations obtained for the continuity, momentum and energy equation are in
the conservation form appropriate for unsteady, quasi-one-dimensional flow. The
equations listed above are fundamental to the hybrid rocket.
To solve those equations it is important to convert them to non-conservation
form which deals with fundamental variables as independent terms. This gives us
flexibility to solve each variable namely the density(ρ) ,velocity(V ), temperature(T )
27
and pressure(p) explicitly with out depending on other variables. Let us expand the
continuity equation from Equation 2.30, we get,
A
∂ρ
∂t
+ ρ
∂A
∂t
+ ρA
∂V
∂x
+ ρV
∂A
∂x
+ AV
∂ρ
∂x
=
∂m˙g
∂x
(2.35)
Divide the entire Equation 2.35 by A, to get,
∂ρ
∂t
+
ρ
A
∂A
∂t
+ ρ
∂V
∂x
+
ρV
A
∂A
∂x
+ V
∂ρ
∂x
=
1
A
∂m˙g
∂x
(2.36)
Let us multiply V to the continuity equation, Equation 2.30 and it becomes,
V
∂
∂t
(ρA) + V
∂
∂x
(ρAV ) = V
∂m˙g
∂x
(2.37)
Now subtract the above equation, Equation 2.37 from the momentum equation,
Equation 2.31 to get,
ρA
∂V
∂t
+ ρAV
∂V
∂x
+ A
∂p
∂x
=
∂m˙g
∂x
(V
′
g − V )− τw
∂Aw
∂x
(2.38)
Divide the entire Equation 2.38 by A, to get,
ρ
∂V
∂t
+ ρV
∂V
∂x
+
∂p
∂x
=
1
A
∂m˙g
∂x
(V
′
g − V )−
τw
A
∂Aw
∂x
(2.39)
when the unsteady terms are neglected in Equation 2.27, the equation transforms
to,
ρAV d(h+
V 2
2
) + (h+
V 2
2
)d(ρAV )− dm˙g(hgc +
V 2g
2
) = 0 (2.40)
Let us follow the similar procedure to simplify the energy equation, let us multiply
V/2 to the momentum equation, Equation 2.31 and rewriting the entire equation to
get,
V
2
∂
∂t
(ρV A) +
V
2
∂
∂x
(ρV 2A) +
AV
2
∂p
∂x
− V V
′
g
2
∂m˙g
∂x
+
τwV
2
∂Aw
∂x
= 0
(2.41)
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and subtracting Equation 2.41 from Equation 2.32, yielding,
∂
∂t
(ρhA) +
(ρAV )
2
∂V
∂t
− ∂
∂t
(pA) + ρAV
∂h
∂x
+ ρAV 2
∂V
∂x
−V
2
∂
∂x
(ρV 2A) + (h+
V 2
2
)
∂
∂x
(ρAV )− AV
2
∂p
∂x
−∂m˙g
∂x
(hgc +
V 2g
2
− V V
′
g
2
)− τwV
2
∂Aw
∂x
= 0
(2.42)
Let us multiply h to the continuity equation, Equation 2.30 to get,
h
∂
∂t
(ρA) + h
∂
∂x
(ρAV )− h∂m˙g
∂x
= 0 (2.43)
Let us subtract Equation 2.43 from Equation 2.42 to get,
ρA
∂h
∂t
+
ρAV
2
∂V
∂t
− ∂
∂t
(pA) + (ρAV )
∂h
∂x
+
ρAV 2
2
∂V
∂x
−AV
2
∂p
∂x
− ∂m˙g
∂x
(hgc − h+
V 2g
2
− V V
′
g
2
)
−τwV
2
∂Aw
∂x
= 0
(2.44)
Let us define the combustion process for the model as follows, the enthalpy change
of the main stream, dh, is the sum of the changes due to chemical reaction and to
temperature change. Thus
dh = −dhpr + CpdT (2.45)
where dhpr, the enthalpy increase at temperature T and pressure p for a change
from products to reactants, is positive for exothermic reactions. It is usually called
the constant-pressure heat of reaction and, in special cases, the constant - pressure
heat of combustion. Observing the momentum equation, Equation 2.39 and
replacing the terms in the above Equation 2.44 it simplifies to,
ρA
∂h
∂t
− ∂
∂t
(pA) + (ρAV )
∂h
∂x
− ∂m˙g
∂x
(hgc − h+
V 2g
2
+
V 2
2
− V V ′g )
−AV ∂p
∂x
− τwV ∂Aw
∂x
= 0 (2.46)
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In evaluating dhpr, one considers of course only the chemical changes which
actually occur, but computes dhpr per unit mass of the main gas stream.
substituting Equation 2.45 in Equation 2.46 and dividing the entire equation with
area ’A’ the equation can be written as,
ρCp(
∂T
∂t
+ V
∂T
∂x
)− (∂p
∂t
+ V
∂p
∂x
)− p
A
∂A
∂t
= ρ(
∂hpr
∂t
+ V
∂hpr
∂x
)
+
1
A
∂m˙g
∂x
(hgc − h+
V 2g
2
+
V 2
2
− V V ′g ) +
τwV
A
∂Aw
∂x
(2.47)
The process of combustion is taken into account through the ethalpy gradient
which is from the heat addition by chemical reaction. The enthalpy gradient is
dependent on the flame temperature. The governing equations in the
non-conservation form using the continuity, momentum, energy equation and
equation of state are given by,
Continuity
∂ρ
∂t
+
ρ
A
∂A
∂t
+ ρ
∂V
∂x
+
ρV
A
∂A
∂x
+ V
∂ρ
∂x
=
1
A
∂m˙g
∂x
(2.48)
Momentum
ρ
∂V
∂t
+ ρV
∂V
∂x
+
∂P
∂x
=
1
A
∂m˙g
∂x
(V
′
g − V )−
τw
A
∂Aw
∂x
(2.49)
Energy
ρCp(
∂T
∂t
+ V
∂T
∂x
)− (∂p
∂t
+ V
∂p
∂x
)− p
A
∂A
∂t
= ρ(
∂hpr
∂t
+ V
∂hpr
∂x
)
+
1
A
∂m˙g
∂x
(hgc − h+
V 2g
2
+
V 2
2
− V V ′g ) +
τwV
A
∂Aw
∂x
(2.50)
Equation of State
P = ρRT (2.51)
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2.2. Description of the Source Terms
In this section, let us define the terms that are based on internal ballistics of the
hybrid rocket. The terms V
′
g = 0,
∂A
∂x
= 0 are neglected initially, as V
′
g = 0 is the
tangential component of fuel mass injection. As quasi steady state is assumed the
diameter is constant along the axis so the change in area is taken to be zero. The
term ∂m˙g
∂x
is given by the mass flow rate of the fuel.
1
A
∂m˙g
∂x
=
1
A
(ρf r˙piD) =
4ρf r˙
D
(2.52)
Let us consider the temporal derivative of area ρ
A
∂A
∂t
, given by,
∂A
∂t
=
∂
∂t
(
piD2
4
) = piDr˙ (2.53)
where ∂D
∂t
= 2∂w
∂t
= 2r˙.
Continuity
∂ρ
∂t
=
4ρf r˙
D
− 4ρr˙
D
− ρ∂V
∂x
− V ∂ρ
∂x
(2.54)
Momentum
∂V
∂t
= −V ∂V
∂x
− 1
ρ
∂P
∂x
− V
ρ
4ρf r˙
D
(2.55)
Energy
ρCp(
∂T
∂t
+ V
∂T
∂x
)− (∂p
∂t
+ V
∂p
∂x
)− p
A
∂A
∂t
= ρ(
∂(CpTf )
∂t
+ V
∂(CpTf )
∂x
)
+
1
A
∂m˙g
∂x
(hgc − h+
V 2g
2
+
V 2
2
) (2.56)
Equation of State
P = ρRT (2.57)
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2.3. Mathematical Model for the Regression Rate
The internal ballistics model considered is derived from turbulent boundary layer
modeling and is given by,
r˙ = a(x+D0)
m(Gox +Gf )
n (2.58)
where r˙ is the regression rate, a,m, n are regression rate empirical coefficients, Gox
is the oxidizer mass flux rate, Gf is the fuel mass flux rate and D0 is the port
diameter. The above equation gives the regression rate with x and the structure of
the equation shows the non-linearity it holds since m = −0.15 and Gf is a function
of x axis [Ronald, 1995] given by,
Gf =
4ρq
D0
(2.59)
where q is given by,
q =
∫ x
0
r˙(ζ)dζ (2.60)
This has a singularity in the beginning because q(x = 0) = 0 which makes O/F
ratio at the entrance to be infinity. It is observed with the experience that this
model is sensitive to the entrance O/F ratio. Even though, this singularity is in the
regression rate equation, it is treated by starting the flow at a location D0. This
interesting model of the regression rate equation gives a variable burn rate along
the axis, which also effects the behavior of O/F ratio. As it was discussed earlier,
the O/F ratio has a significant effect on the flame temperature and the present
work considers the variable flame temperature gradient that serves as a source term
for the combustion . The literature review shows work done assuming a constant
heat addition but this research does not assume that, instead the flame
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temperature is incorporated in the governing equations through enthalpy gradient
dh
dx
as,
dhpr
dx
=
d(CpTf )
dx
(2.61)
where Tf is the flame temperature. The flame temperature profile with respect to
OF ratio can be obtained from NASA CEA code (Gordon & McBride, 1994).
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3. Regression Rate Modeling
The literature has different fuel regression rate equations based on diffusion flame
combustion theory (Marxman & Gilbert, 1963), chemical kinetics modeling, and
experimental results. Various propellant combinations exhibits different types of
regression characteristics. Some typical fuels that were tested are Hydroxyl
Terminated Poly Butadiene (HTPB), plexiglass, and paraffin wax while the
oxidizers are oxygen (O2), nitrous oxide (N2O), hydrogen peroxide (H2O2), and
nitrogen tetroxide (N2O4). Usually the liquid is the oxidizer and the solid is the
fuel, in the so called classical configuration.
The experiments conducted by Marxman, used plexiglass and oxygen as a
propellant combination and gives a high regression rate. HTPB and gaseous oxygen
was extensively tested (Chiaverini et al., 2000) to capture the regression rate
behavior along the space using X-ray radiography. A research on a combination of
paraffin wax ad liquid oxygen was conducted at Stanford University (Karabeyoglu,
Altman, & Cantwell, 2002b). This feature of availability of wider range of
propellant choices, there are numerous regression rate equations available for each
of them.
Additionally, the hybrid motor performance includes thermo-chemistry,
properties of fuel and oxidizer combination fuel regression rate r˙, specific impulse
Isp, design of the fuel grain for complete burning, and combustion stability. Because
of this complex nature of the flow, the O/F ratio changes spatially and temporally
which have an impact on the regression rate equation. Some of the regression rate
equations that are available in the literature is given below.
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3.1. Diffusion Combustion Flame Theory
Fuel regression analysis is formulated as a coupled fluids and heat transfer
problem. The fundamental theory of the turbulent boundary layer with an
embedded flame was developed, (Marxman & Gilbert, 1963) and applied to hybrid
rocket motor design. The theory is based on flat plate approximations and relates
fuel regression rate to heat transfer between the surface of the fuel and the flame
inside the boundary layer (Incropera & Dewitt, 1990). Hybrid combustion theory
has been improved upon in later years but has not strayed far from the analysis
work originally done.
The analytical approaches to hybrid rockets combine turbulent flow of gaseous
oxidizer over a solid fuel with convective, conductive and radiative heat transfer. As
the oxidizer flows over the solid fuel, a reactive boundary layer is produced with a
flame inside and positioned near the fuel. The flame provides heat to the solid fuel
which vaporizes the fuel.
The fuel and oxidizer react and mix at the flame front. The assumptions in
hybrid rocket combustion are the Lewis number, Le=1, the combustion occurs near
the wall, and combustion only occupies a small portion of the boundary layer so
that the flame sheet model can be used. Hybrid rocket motor combustion combines
the momentum equation with the energy and species equations to encompass the
complexities of the combustion phenomenon.
The temperature profile inside the boundary layer increases to its peak at the
flame zone. Below the flame zone, the temperature gradient decreases exponentially
toward the fuel surface and similarly decreases above the flame zone towards the
35
oxidizer flow and edge of the boundary layer. The velocity and temperature profiles
in this diffusion flame boundary layer above the flame are directionally opposite
and the profiles are similar below the flame.
The detailed chemical kinetics of the solid fuel and liquid oxidizer reactions can
be employed in modeling regression rate to increase the accuracy of the prediction
and thus increase the performance of an HRM. The engineering-related physics of a
diffusion boundary layer with an embedded flame have been studied and applied to
hybrid rocket combustion. Regression rate derivations have usually come from the
heat transfer mechanism from a diffusion-limited flame, suggesting that the
aerodynamics of the turbulent boundary layer at the solid fuel surface out weighs
the kinetics mechanism of the gas and solid phase.
The following equations show the different regression rate equations for
theoretical and empirical models (Chiaverini, 2000). Hybrid combustion rate is
dominated by conductive heat transfer and not radiation effects.
r˙ = Cf
∆ht
hv
ρeue
ρp
Pr
−2
3 (3.1)
Equation 3.1 is the developed regression rate equation from flat plate
approximations where Cf is the skin friction coefficient with mass injection related
to Reynolds number, and h is the heat of reaction divided by the heat of
vaporization when the fuel surface temperature is known. These two parameters
make up the blowing coefficient, β, seen in Equation 3.1. The blowing coefficient, β
also depicted as Cf , is defined as a non-dimensionalized rate of the vaporized fuel
expelled from the fuel surface and (Sutton & Biblarz, 2017).
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The third parameter in the regression Equation 3.1 is the ratio of the mass flow
of the oxidizer to the density of the fuel. Finally Prandtl number, Pr, is the
turbulence parameter and it is a ratio between the momentum and thermal
diffusivity. In Equation 3.2 turbulent flow is assumed over the entire axial length of
the hybrid rocket motor so Pr =1.
r˙ = 0.036
G0.8
ρf
(
µ
x
)0.2β0.23 (3.2)
Equation (3.2) is a modified version of Equation 3.1 that reflects empirical data for
non-radiative, Plexiglas and oxygen hybrid combustion. Equation 3.2 shows that
regression rate is highly dependent on the total mass flow of the oxidizer and fuel
flow per unit area, G, at a given distance from the start of the fuel and less
dependent on the rate at which the fuel is burning off normal to the fuel grain, or
blowing coefficient.
3.2. Chemical Kinetics Model
Chemical kinetics plays an important role in the modeling of a hybrid rocket.
Basic chemical kinetics can estimate equilibrium combustion products, adiabatic
flame temperature, molecular weight of the mixture, and reaction rates for
stoichiometric and non-stoichiometric mixtures. The complicated hybrid
combustion establishes the need to understand the chemical kinetics involved in
such systems to determine detailed regression rate analysis.
Solid rocket motor burn rates are highly dependent on reaction kinetics and are
independent of the port geometry. Hybrid rocket motors combine the heat transfer
mechanisms coupled with the kinetics mechanism in the solid and gas phase of
combustion. Researchers analyzed the chemical reactions of HTPB and O2 (Serin,
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2003). HTPB is known to gasify into butadiene (C2H4) fuel and then into methane
(CH4), which is released at a surface temperature ranging from 913 K to 942 K.
The make up of the combustion products also included butyne, methane, carbon
monoxide, oxygen, water, carbon dioxide, hydroxide, and ethylene. Authors
(Branch, 1993) have analyzed the reaction mechanism for the burning of CH4 and
N2O. They proposed a regression rate equation in terms of activation energy and
the flame temperature given by,
r˙ = Ae
−E
RT (3.3)
Activation energy, E, plays an important role on regression rate as shown in the
equation. Regression rate is exponentially dependent on temperature which means
that if the temperature is high then the regression rate is faster. The Arrhenius
constant, A, is an experimentally derived value that tells us the thermo-chemistry
of the reactants and is proportionally related to regression rate.
The low E of paraffin wax shows that less energy is required to break the bonds
and vaporize the fuel. On the other hand, HTPB has a high activation energy and
thus more energy and higher temperatures are required to vaporize the solid fuel,
resulting in a lower regression rate. The following table compares the different
regression rate equations in the literature for hybrid rocket motor tests.
3.3. Combined Space-Time Regression Rate Equation
A complete boundary layer and combustion analysis of the oxidizer/fuel
interactions is required to properly simulate the time and space dependent
regression of the fuel grain. Hybrid combustion theory has been improved over the
years but has not strayed far from the analysis work originally done by Marxman.
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Table 3.1.
Regression Rate Equations in Literature
Reference Description Regression Eqn
Marxman and Gilbert (1964) Turbulent Diffusion r˙ = 0.036G
0.8
ρf
(µ
x
)0.2β0.23
limited-heat transfer
Greiner and Fredrick (1992) Tiny lab tests r˙ = 0.044G0.6
Thiokol Corp Small rocket tests r˙HTPB = 0.146G
0.681
o
Shanks and Hudson (2000) Small rocket tests r˙ = 0.131G0.674o
Chiaverini (2001) Flate plate Tube r˙ = 0.049G0.61
Karabeyoglu (2002) Small rocket tests r˙Paraffin = 0.488G
0.62
o
Serin and Gogus (2003) Navier-Stokes model r˙ = 0.39G0.15o
using CFD
However, the diffusion limited theory developed (Marxman, 1967), calculates the
fuel regression rate as a power law formula in terms of the oxidizer mass flux, fuel
mass flux and the axial position in the port is given by,
r˙(t, x) = axm[Gox(t, x) +Gf (t, x)]
n (3.4)
where r˙(t, x) represents the variation of regression rate with time and space.
Gox(t, x) is the oxidizer flux, and Gf (t, x) is the fuel flux, both are a function of
space and time. a,m, and n are regression rate empirical coefficients. x is the axial
distance down the port. The oxidizer flux is given by,
Gox(t, x) =
m˙ox(t)
AP (t, x)
(3.5)
The solid fuel regression rate depends on the propellant mass flux rate which
includes both fuel and oxidizer. Consider an infinitesimal element dξ through which
the fuel is entering the combustion port. The mass flow rate of the fuel entering the
control volume for the length dξ is given by,
m˙f = ρf
∫ x
0
r˙(t, ξ)Pp(t, ξ)dξ (3.6)
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The perimeter of the port is given by,
Pp(t, x) = piDh(t, x) (3.7)
The fuel flux is given by the mass flow rate of the fuel entering the control volume
divided by the port area.
Gf (t, x) =
ρf
NAp(t, x)
∫ x
0
r˙(t, ξ)Pp(t, ξ)dξ (3.8)
where N is number of ports, AP is the area of the port, and Pp is the perimeter of
the port,that varies with space and time. The area of port in terms of hydraulic
diameter is given by,
Ap(t, x) =
pi
4
D2h(t, x) (3.9)
The significant conclusion from the above calculations is that hybrid combustion
down the fuel port provides fairly constant burn rates. This relative uniformity
results from two compensating factors. Using the definition of area Equation 3.9,
and perimeter Equation 3.7, the fuel mass flux for a single port N = 1 can be
written as,
Gf (t, x) =
4ρf
D2h(t, x)
∫ x
0
r˙(t, ξ)Dh(t, ξ)dξ (3.10)
If we define a function q to help in integrating the above equation, the fuel mass
flux can be written as,
q =
∫ x
0
r˙(t, ξ)Dh(t, ξ)dξ (3.11)
Gf (t, x) =
4ρf
D2h(t, x)
q(t, x) (3.12)
For circular ports,
Dh(t, x) = Dh0(x) + 2w(t, x) (3.13)
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The time derivative of the diameter is given by,
∂
∂t
Dh(t, x) = 2
∂
∂t
w(t, x) = 2r˙(t, x) (3.14)
The regression rate in terms of diameter is given by,
r˙(t, x) =
1
2
∂
∂t
Dh(t, x) = ax
m(Gox +Gf )
n (3.15)
∂
∂t
Dh(t, x) = 2ax
m(
4m˙ox(t)
piD2h
+
4ρfq
D2h
)n (3.16)
To find q at every point along x integrate the following equation in x,
∂q
∂x
= axmDh(
4m˙ox(t)
piD2h
+
4ρfq
D2h
)n (3.17)
Presently, no closed form solutions (other than for n = 0.5 ) could be obtained for
the set of nonlinear PDEs governing the dynamics of the fuel port diameter.
Because of the implicit nature of the above equations, we can best solve them with
step wise integration by computer. It shows the variation of several parameters
with respect to both axial length and time in a cylindrical grain. It applies to an
experimental hydrocarbon system with exponents slightly different from the
theoretical one. A universally acceptable regression rate formula to predict the
burn rate at a given instant of time and space is not available.
Consequently, in practice, the regression rate law for each hybrid propellant
system of interest must be constructed from extensive motor testing. The
interpretation of the motor data and the reduction to a scalable regression rate law
is a difficult process. The methods of data reduction are not unique due to the
nonlinear nature of the problem and, for certain test conditions, each method may
yield significantly different results. In many reports and papers, the technique used
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in the data reduction process is not adequately discussed, decreasing the value of
the information. In certain cases, the regression rate is written in terms of
dimensional parameters other than the oxidizer or total mass flux, resulting in
formulas that are accurate for interpolation purposes but potentially highly
problematic when they are used to extrapolate to other scales.
Our goal in this study is to develop space–time regression rate expressions from
the classical local instantaneous regression rate equation in the power law format.
The relatively small variations of the burn rate and port diameter as a function of
axial distance, except near the origin where the Blasius effect occurs. This leading
edge effect is not as pronounced in practice, probably because chemical kinetics
delay establishing the combustion zone in the boundary layer. We recommend the
following method for numerical integration. This method has been used to produce
accurate predictions for the port diameter dynamics. Numerical solutions for
Equation 3.16 and Equation 3.17 can be obtained by implementing Runge-Kutta 4
scheme for both time and space integration. The space-time variation of the
internal ballistics is derived and compared for a combination of the Paraffin/Gox
motor tests conducted at the Hybrid Combustion Facility of the NASA Ames
Research Center (Karabeyoglu, Cantwell, & Zilliac, 2007).
The test data to evaluate the space-time regression rate equation are the
Oxidizer mass flow rate is 4.5 kg/s, the burn time is 100 sec, the initial diameter is
0.1016 m, the grain length is 1.143 m, the density of the fuel is 920 kg/m3,the
length exponent (m) is -0.015, the total flux exponent (n) is 0.62, and the
regression rate coefficient is 9.27e-5.
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3.3.1. Results and Discussion
The space-time regression rate modeling is applied to a geometry with a
combination of paraffin/Gox motor tests that were conducted at the Hybrid
Combustion Facility of NASA Ames Research Center (Karabeyoglu, Cantwell, &
Zilliac, 2007). The summary of the parameters that are used to obtain the results
are given in the previous section. In Figure 3.1, the fuel port radius are plotted at
different times. Initially the grain is assumed to have a constant diameter and the
model calculates the evolution of the port history with time.
As the geometry develops, the radius tends to increase towards the exit. The
grain contour increases monotonically towards the exit. At time t= 10 seconds, the
grain still maintains the constant radius and as the time reaches closer to 100
seconds, the monotonic increase in radius axially is observed. Additionally, the OF
ratio history is plotted in Figure 3.2 at different time steps and the Oxidizer-Fuel
ratio does not vary much after 10 seconds. The results show a good agreement with
the literature data and validates the usage of space-time regression model that was
discussed earlier.
The axial dependency of the regression rate and a port geometry is clearly visible
in Figure 3.1 and Figure 3.3. One of the applications of the current model is to
calculate the spatial responses inside the combustion chamber. To demonstrate
that, a conical geometry is simulated to achieve a constant diameter at the end of
the burn. The resulting port geometry history is given in Figure 3.4.
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4. Steady State Solution of the Governing Equations
This chapter deals with validating and solving the steady state form of the
governing equations that are derived in chapter-2. In the process of obtaining a
solution for the partial differential equations, firstly they are transformed into
ordinary differential equations by considering the steady state case. From a
one-dimensional point of view, the three most commom factors that influences the
state of a flowing stream are (i) Variable cross sectional area, (ii) Wall friction and
(iii) change in energy due to adiabatic heating or combustion.
4.1. Mathematical Model for the Regression Rate
The internal ballistics model considered is derived from turbulent boundary layer
modeling and is given by,
r˙ = a(x+D0)
m(Gox +Gf )
n (4.1)
where r˙ is the regression rate, a,m, n are regression rate empirical coefficients, Gox
is the oxidizer mass flux rate, Gf is the fuel mass flux rate and D0 is the port
diameter. The above equation gives the regression rate with x and the structure of
the equation shows the non-linearity it holds since m = −0.15 and Gf is a function
of x axis given by,
Gf =
4ρq
D0
(4.2)
where q is given by,
q =
∫ x
0
r˙(ζ)dζ (4.3)
This has a singularity in the beginning because q(x = 0) = 0 which makes O/F
ratio at the entrance to be infinity. It is observed with the experience that this
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model is sensitive to the entrance O/F ratio. Even though, this singularity is in the
regression rate equation, it is treated by starting the flow at a location D0. This
interesting model of the regression rate equation gives a variable burn rate along
the axis, which also effects the behavior of O/F ratio.
As it was discussed earlier, the O/F ratio has a significant effect on the flame
temperature and the present work considers the variable flame temperature
gradient that serves as a source term for the combustion . The literature review
shows work done assuming a constant heat addition but this research does not
assume that, instead the flame temperature is incorporated in the governing
equations through enthalpy gradient dh
dx
as,
dhpr
dx
=
d(CpTf )
dx
(4.4)
where Tf is the flame temperature. The flame temperature profile with respect to
OF ratio can be obtained from NASA CEA code (Gordon & Mcbride, 1994).
4.2. Results and Discussion
This part of the chapter deals with the heat addition with mass injection. The
model solves the entire one-dimensional model of a steady state hybrid rocket
combustion chamber. The assumptions made for this case are inviscid flow, ideal
gas and constant cross sectional area. The combustion process is introduced into
the flow through the enthalpy gradient term dhpr
dx
.
This enthalpy gradient creates a flame temperature dependence which can be
treated as a heating source in the governing equations. The flame temperature can
vary with oxidizer to fuel ratio that can be solved using the internal ballistics
model. It is worth noting that the friction effect on the fluid flow acceleration is
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however, definitely negligible when compared to the main driving factor related to
the mass injection and heat addition. The deviation in the properties, taking into
account the variation in Cp with OF ratio is less than 1.5 percent, which was
proved (Carmicino & Pastrone, 2018) using a sensitivity and uncertainty analysis.
From here on wards, the average Cp value is assumed along the grain to reduce the
complexity in the system. The following assumptions are made to solve the system
of differential equations. Steady state, inviscid flow, Constant area, ideal gas and
perpendicular mass addition. The continuity, momentum and energy equations can
be written as,
Continuity
ρ
dV
dx
+ V
dρ
dx
=
1
A
dm˙g
dx
(4.5)
Momentum
ρV
dV
dx
+ ρR
dT
dx
+RT
dρ
dx
=
−V
A
dm˙g
dx
(4.6)
Energy
ρV Cv
dT
dx
+ p
dV
dx
= ρV
dhpr
dx
+
1
A
dm˙g
dx
(hgc − h+RT +
V 2g
2
+
V 2
2
) (4.7)
Now, let us define the enthaply gradient as,
dhpr
dx
=
d(CpTf )
dx
(4.8)
Because of the dependence of the internal ballistics on mass flux, parameters such
as pressure, thrust, and O/F vary during the motor burn at a constant flow rate.
The following formulae can be adopted to any geometry. The final burning rate is
given at a specific axial position x in the fuel port. Flame temperature Tf is non
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dimensionalized as Tf = TfmaxT¯f where Tfmax is the maximum flame temperature.
Considering all the assumptions made earlier and the terms that are defined from
the previous section, the non-dimensional form of the governing equations can be
written as,
Continuity
ρ¯
dV¯
dx¯
+ V¯
dρ¯
dx¯
= 4
Lp
D0
ρf
ρi
r˙i
Vi
¯˙r (4.9)
Momentum
γM2i ρ¯V¯
dV¯
dx¯
+ T¯
dρ¯
dx¯
+ ρ¯
dT¯
dx¯
= −4Lp
D0
ρf
ρi
r˙i
Vi
γM2i ¯˙rV¯ (4.10)
Energy
ρ¯V¯
dT¯
dx¯
+ (γ − 1)ρ¯T¯ dV¯
dx¯
= γ
Tfmax
Ti
ρ¯V¯
dT¯f
dx¯
+4
Lp
D0
ρf
ρi
r˙i
Vi
¯˙r(γ − 1)
[
Cpg
R
Tc
Ti
− T¯ + γM
2
i
2
(V¯ 2 + (
ρf
ρi
r˙i
Vi
¯˙r
ρ¯
)2)
] (4.11)
Regression rate
¯˙r = (1 +
Lp
D0
x¯)m(1 +
4ρfq
D0Gox
)n (4.12)
q =
D0Gox
4ρf
{[
4ρf
D0Gox
aGnoxD
m+1
0 (1− n)
m+ 1
(
(x¯
Lp
D0
+ 1)m+1 − 1
)
+ 1
] 1
1−n
− 1
}
(4.13)
Now, let us define the term
dT¯f
dx¯
as,
dT¯f
dx¯
=
dT¯f
d(OF )
d(OF )
dx¯
(4.14)
The flame temperature profile with respect to OF ratio can be obtained from
NASA CEA code and the slope from this data shall give the
dT¯f
d(OF )
term. The d(OF )
dx¯
can be calculated from the empirical relation given below.
d(OF )
dx¯
=
−LpGox
G2f
(
4ρf r˙
D0
) (4.15)
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The governing equations are integrated from x¯ = 0 to x¯ = 1 with the entrance
conditions m˙ox = 7.95
kg
s
, Lp = 4.572m,D0 = 0.152m,Ti = 300K,Tc = 288K,Pi =
1MPa, Tf0 = 3667.40K, ρi = 1.3359
Kg
m3
, Vi = 49.6735
m
s
, ρf = 1000
Kg
m3
, a =
2.066 ∗ 10−5,m = −0.15, n = 0.75, γ = 1.4, R = 287 J
Kg−K . The propellant
combination considered was HTPB and Liquid Oxygen. The flame temperature
profile is approximated by a 12th degree polynomial given in the Figure 4.1, given
below.
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Figure 4.1 Flame temperature variation with respect to OF ratio
The next chapter focuses on validating the results obtained by using the steady
state model. CFD analysis is conducted and an average flow property details are
extracted to compare with the current results. The verification and validation of
the steady state model is crucial to capture the transient behavior eventually. The
steady-state model is validated by considering three simplified one-dimensional
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Figure 4.2 OF ratio variation with respect to xbar
compressible flow cases, namely, the isentropic flow, Rayleigh flow of heat addition
and the effect of cold mass injection (results are in Appendix-A). The results are in
good agreement with the literature data for the above-mentioned cases. The
governing equations are applied to a hybrid rocket combustion chamber, and the
results reveal some interesting phenomena of the flow properties. Unlike in some
previous works, in the present work, there is a distinction between the flame
temperature and the gas temperature.
Previous investigations show that the gas temperature profile displays a linear
behavior from entry to exit inside the combustion chamber. The present results
indicate that both the flame temperature and the flow temperature increase up to a
point around x¯ = 0.6, reach a maximum value and start decreasing towards the
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Figure 4.3 Regression rate (m/sec) with respect to xbar
exit. Referring to Figure 4.8, which shows the nonlinear dependence of the flame
temperature on the OF ratio, this behavior can be explained as follows: As the OF
ratio decreases along the port, the flame temperature increases and reaches a
maximum value at a point where OF ratio is approximately equal to 2.7. After
that, the flame temperature decreases as the OF ratio keeps decreasing downstream
along the port.
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Figure 4.5 Flame temperature variation with respect to xbar
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Figure 4.11 Pressure variation with respect to xbar
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5. Computational Fluid Dynamics Modeling of a Hybrid Rocket
In this chapter, the author validates the one-dimensional steady state model with
the two-dimensional CFD analysis using Ansys FLUENT. In addition to that, a
novel approach to analyze the hybrid rocket combustion chamber using the flame
temperature as a heat source is presented. First, the two-dimensional model that
involves a two-step global reaction (GRM) is considered and the comparisons with
the 1-D model are drawn. In the second model, the flame temperature is used as a
heat source (NFTM) and the results are compared with that of the actual chemical
kinetics model.
The combustion process between the fuel and oxidizer has been analyzed to
define a satisfactory combustion model. It was proved by the previous researchers
that the flame zone is confined within the boundary layer inside the combustion
chamber. In the novel approach, the modeling of the combustion process using the
flame temperature as the heat source is studied. The physics inside the combustion
chamber of a hybrid rocket is quite complex, only the chemical process outside the
fuel surface in the gas phase are modeled here.
In reality the flame zone is very thin and moves rapidly with space and time.
The flame zone closer to the fuel surface is fuel rich and the region closer to the
port center line is fuel lean. The two models that are studied in this chapter are
referred as Global reaction model (GRM), this involves all the detailed chemical
kinetics and Novel Approach using Flame Temperature Model (NFTM), this
specifies that the heat addition to the rocket using flame temperature as a heat
source.
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Figure 5.1 Geometry for the mesh
5.1. Geometry and Meshing Description
The geometry considered for this analysis is similar to the design considered by
Sankaran. The length of the domain is taken as 0.58m and the distance between
the two walls is 0.016m. This is a two-dimensional model with a mesh of 2000
points along the length of the port in the horizontal axial direction and 250 points
in the vertical direction. The total number of cells for the model is 500,000 cells.
The Pointwise program is used for meshing and the cell count for the current
domain is shown in Figure 5.2.
Three different meshes have been created to investigate the effect of the mesh
size on the fluid dynamic parameters characterizing the rocket combustion
chamber: the first around 500,000 elements, the second of 1 million elements, and
the third of 1.5 million. To decide if the mesh refinement level was sufficient to
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guarantee the best possible results, both temperature and velocity have been
monitored in the different cases. The differences between 1 and 1.5 million finite
volumes are, respectively: 1) 0.2 percent for maximum temperature; and 2) 0.1
percent for velocity. The fine grid does not significantly improve accuracy, for these
reasons, 1 million model have been considered as an adequate number of cells. To
establish that the simulation has reached its steady-state converged solution, the
criteria applied are: 1) The residual for the continuity equation has to be below
1e-4; 2) The residual for the x and y velocities have to be below 1e-4; 3) The
residual for the energy equation has to be below 1e-6;
Figure 5.2 Meshed domain of the combustion port
5.2. CFD Chemical Model Using Global Reaction Model
The influence of the chemical reaction used in the CFD is particularly related to
the number of chemical species used: the higher the species number, the closer to
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reality the simulation. However, in this work, a trade-off has been searched between
the necessity to represent the real reaction, and the importance of keeping the
computational time affordable. The following global reaction is used:
C4H6 + 3.5 O2 4 CO + 3 H2O
CO + 0.5 O2 CO2
Using a greater amount of species would require more RAM and can become
considerably more expensive; on the other hand it has been observed that if a too
low number of chemical products is used for the combustion reaction, the flame
temperature can become higher than the flame adiabatic temperature, which results
in a nonphysical situation (Lazzarin, Barato, Bettella, & Pavarin, 2013). This
formulation of the chemical reaction is used to model a one-phase combustion
process, where all the reactants are in a gaseous state. In order to model
combustion, the eddy dissipation was selected as the most suitable combustion
model.
Several authors in the past used the finite rate chemistry model to simulate the
combustion process inside hybrid rocket motors. In this model, the Arrhenius
chemistry equations are used with the local averaged values, therefore, the real
turbulence-chemistry interaction is not taken into account. The eddy dissipation
model is a semi-empirical model developed according to the hypothesis of fast
chemistry. In this case, the reaction rate is controlled by the turbulent mixing of
fuel and oxidizer. This model has been widely and successfully applied in the
prediction of turbulent non-premixed flames, such as those of hybrid rockets. The
reaction rate is proportional to the reactants molar fraction and to the rate of
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dissipation of the eddies, which is the turbulent eddy frequency. The interest is
focused on the global performance, and behavior of hybrid motors during normal
operating conditions. A global model for hydrocarbon oxidation was chosen for
simplicity.
5.2.1. Boundary Conditions
In the simulated model, the gaseous oxidizer flows inside the combustion chamber
through an inlet (left) and the gaseous fuel is introduced along the fuel surface.
Four different boundary conditions have been defined:
• Mass Flow Inlet of the Oxidizer: The gaseous oxidizer is introduced from the
left inlet. Mass flow rate and oxidizer species mass fraction are inputs for the
simulation.
• Mass Flow Inlet of the Fuel: The fuel is entering the combustion chamber
perpendicular to the direction of flow of the oxidizer. Mass flow rate and fuel
species mass fractions are inputs at the fuel injection.
• Wall: A no-slip adiabatic wall is assumed at the entrance upto 10 percent of
length.
• Pressure Outlet: The Pressure Outlet is assumed at the exit of the combustion
chamber.
5.2.2. Results and Discussion
First results are presented for a representative test case as that of the work
conducted (Sankaran, 2007). The computations were run at a constant GOXmass
flowrate, which, for this test, was set at 0.16 kg/s. Computational results are
calculated and compared with the results presented in the literature. This step
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validates the problem setup and analysis using Ansys Fluent. The current GRM
model takes into account all the combustion and physics involved in the flow of a
hybrid rocket. As mentioned earlier, both fuel and oxidizer are entering the
combustion chamber in gaseous form. The fuel mass flow rate is provided using an
UDF to the fuel mass flow inlet boundary condition. The port height is taken as
16mm corresponding to a specific flow rate, Gox = 132 kg
m2−s for the validation case.
The length of the port is 0.58m.
The following results show the temperature contours, velocity contours, and the
gaseous oxygen mass fraction comparison with the existing literature data
(Sankaran, 2007). Figure 5.3, shows the temperature contour of the flow field.
Initially, the flow starts cold near the entrance, and heats up as the flow reaches the
exit. The peak temperature is around 3600 k in the boundary layer closer to the
wall. The location of constant temperature lines along the axis matches the
previous work. This proves the validation of the CFD work. More comparisons are
drawn in the next figures with the velocity contour and GOX mass fraction as well.
In order to assess the appropriate fuel mass addition, the regression rate variation
is presented.
Figure 5.4, shows the velocity contours for the same geometry presented above.
The flow is accelerated from entry to exit. It starts around a value of 10m
s
and
reaches a value of around 100m
s
near the exit. This acceleration can be attributed
to both heat addition and the mass addition along the port. The fuel regression
rate, which results in non-linear mass addition along the axis, is taken into account
through the fuel mass inlet boundary condition. The fuel regression rate figure is
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Figure 5.3 Top: Temperature Contours Sankaran model, Bottom: Temperature
Contours using the current Global Reaction Model
presented below, which has a direct correlation with the mass addition of the fuel.
The regression rate varies non-linearly with axial location. There is a slight
deviation towards the exit, this is because the researcher claims that his model over
predicts the regression rate towards the exit.
As the velocity profiles also match the literature data, the contours of GOX mass
fraction is discussed here. The figure reveals that there is more oxygen
concentration at the entrance and as the fuel reacts with the oxidizer in the
boundary layer, the combustion process consumes the oxidizer.
5.3. Comparison of CFD and 1-D Steady State Cases
This section discusses the comparison and validation of a one-dimensional steady
state model that was derived based on the governing equations in the previous
chapter. The entire process of analyzing the flow field is to validate the
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Figure 5.4 Top: Velocity Contours Sankaran model, Bottom: Velocity Contours
using the current Global Reaction Model
Figure 5.5 Regression Rate Law Comparison
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Figure 5.6 Top: GOX mass fraction Contours from Sankaran CFD model, Bottom:
GOX mass fraction Contours using the current Global Reaction Model
one-dimensional steady state model and compare the results. The geometry
considered here is a bit different from the previous case, the port height is 12mm
that corresponds to an oxidizer mass flux of Gox = 165 kg
m2−s with a port length of
0.58m. The CFD model is analyzed and the results for the temperature and
velocity contours are given below. As explained in the previous section, the
temperature and the velocity increase from entry to exit. The velocity reaches a
value around 180m
s
at the exit. As the geometry is narrower than the previous
case, the flow experiences a rise in the velocity magnitude. The temperature
contour reveals that the flow is heated much early than that of the previous case.
The reasoning for this behavior is attributed to the narrow port height. Because
the fuel is much closer to the center line, the flow tends to gain higher temperatures
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Figure 5.7 Velocity Contours using GRM approach
Figure 5.8 Temperature Contours using GRM approach
closer to the entrance. This analysis would give an advantage to extract the average
values along the y-axis and compare the results with the one-dimensional steady
state model. The data from the CFD flow field is averaged along the vertical axis
at different locations of x. The values are thus plotted in the figure below. The
average temperature profile obtained from the 1-D model is in good agreement with
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the average temperature from CFD data, and the deviation is less than 7 percent
from that of the one dimensional model.
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Figure 5.9 Comparison of the average temperature profiles from the 1-D model and
CFD model
The 1-D gas temperature follows a similar trend to that of the flame
temperature, with values from the CFD computation slightly higher towards the
exit. The results from the CFD model that solves the partial differential equations
have a trend that increases from entry to the exit. The flame temperature has a big
influence on the one-dimensional model, which is of ordinary differential form. As
the OF ratio decreases along the port, the flame temperature increases and reaches
a maximum value at a point where the OF ratio is approximately equal to 2.7.
After that, the flame temperature decreases as the OF ratio decreases downstream
along the port.
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The deviation between the temperature profiles is under 7 percent, and the time
taken for the simulation is much less than that of the existing complex CFD hybrid
rocket models. Similarly, other flow parameters are normalized with respect to the
inlet conditions. The density and the pressure ratio are almost constant. However,
the velocity ratio and the temperature ratio increase until about 90 percent of the
length and decreases towards the exit. This behavior can be explained using the
flame temperature profile, which follows the non-linear trend.
5.4. Novel Approach to CFD Modeling of Hybrid Rockets
The main goal of the CFD simulations presented in this section is to make the
reader understand the problem definition and explain the set-up process in ANSYS
FLUENT environment. As discussed earlier, the literature has different methods of
heat-addition to the domain to predict the flow properties. The actual combustion
process inside a port of a hybrid rocket takes place in the boundary layer. Previous
researchers have proved that combustion occurs in a relatively thin flame zone
within the boundary layer near the fuel surface. As the fuel and oxidizer are mixed,
there is a certain amount of heat generated within the boundary layer. This heat is
dissipated to the low-temperature regions of the flow field.
The present work focuses on using the flame temperature as a heat source to
mimic the combustion environment. The flame temperature is a function of the OF
ratio, which varies in a non-linear fashion along the length of the port. The mass
flow rate of fuel added to the control volume depends on the internal ballistics
model, which is presented in the one-dimensional model.
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The author assumed that the combustion takes place at the solid fuel wall of the
control volume, which is also the mass flow inlet of the fuel boundary condition in
figure. The mass of the fuel injected at every point has its respective OF ratio that
defines the local flame temperature. The heat from the flame temperature is
dissipated to the cold region and the flow properties are predicted.
5.4.1. Approximation of Boundary Conditions
The simulation is carried for a planar, steady state with a pressure-based
approach. The boundary conditions considered for the domain are mass flow inlet,
through which the oxidizer enters the control volume. Pressure outlet, through
which the mixture of oxidizer and fuel leaves the control volume, mass flow inlet for
the fuel which is injected perpendicular to the oxidizer flow and the plane of
symmetry boundary condition.
The initial 10 percent of the top boundary is defined as the wall to avoid a
singularity at x=0. The K-omega SST turbulence model has been used, and it was
developed to combine the advantages of the K-epsilon model and the K-omega
model using a blended function to switch between the two models. The flame
temperature is introduced through the fuel mass flow inlet, which is a function of
the OF ratio. At a given location x, the regression rate, mass flow rate of the fuel
and the fluid properties are obtained by numerical integration of the system of
differential equations with inlet initial conditions presented above. Following the
above given approach the results are obatined and discussed in the section below.
The OF ratio obtained from the solution is used to define the flame temperature
using the NASA CEA program.
70
Figure 5.12 Top:Temperature Contour from NFTM Model, Bottom: Temperature
Contour from GRM Model
5.4.2. Results and Discussion
The flame temperature and mass flow rate of the fuel are used as a boundary
condition through a user-defined function. The fluid considered for the analysis is a
mixture of fuel (HTPB) and oxidizer (O2) in the gaseous form with their respective
chemical properties from the fluent database.
The oxidizer has the mass flow inlet boundary condition and is assumed to be
constant. Computations were run at a constant GOX mass flow rate, which for this
test was set at 0.16 kg/s. The corresponding specific flow rate associated with the
port height of 12mm is 165 kg
m2−s . The mass flow rate of fuel and the flame
temperature are approximated by a polynomial that varies as a function of x. This
UDF is obtained from the internal ballistics hybrid rocket model.
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The residual convergence criteria for continuity, x-velocity, and y-velocity are set
to an order of 10e-5 and the energy equation residual is set to an order of 10e-7.
The following Figure 5.12, shows the temperature contours obtained using two
different approaches of hybrid rocket CFD modeling. The temperature flow field
obtained using NFTM approach is in good comparison with GRM approach. The
cold zone extends further downstream in the NFTM model. It also shows that the
flame temperature can be used as a boundary condition for CFD modeling to get
comparable results as that of actual model at less computational expense.
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6. Solution of the Unsteady Governing Equations
A hybrid rocket experiences different type of instabilities inside a combustion
chamber namely Acoustics, Vortex shedding and low frequency instabilities. The
combination of different states of propellant gives the hybrid rocket a unique set of
instabilities compared to solid or liquid rocket engines. The primary mechanisms to
which hybrid instabilities have been attributed are incomplete atomization and
mixing of the injected oxidizer, fuel grain chuffing, combustion which is coupled to
motor chamber pressure and vortex shedding in regions of rapid expansion (Fraters
& Cervone, 2016).
The study of transient behavior is a fundamental need for the development of
high performing hybrid rocket motors, particularly when throttling is concerned.
The instabilities that are non-acoustic can be termed as the high amplitude
chamber pressure oscillations that have very low frequencies to consider them as
acoustic instabilities. Pressure coupled combustion instability can be expected to
occur through some boundary layer mechanism that couples the fuel regression rate
with the motor chamber pressure. This chapter deals with the unsteady solution for
the derived governing equations.
The current chapter discusses the process of solving the system of partial
differential equations in two steps. In the first step, the PDEs are reduced to
first-order differential equations by using a finite difference approach in space. The
second step is to solve the system of partial differential equations using the method
of lines approach. The model is validated with the experiments conducted at the
NASA Marshall Space Flight Center (MSFC). In addition to getting the solution of
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the system of equations, the author introduces the pressure oscillations through the
initial and boundary conditions and study the effect on the hybrid rocket. All the
governing equations are defined below,
Continuity
∂ρ
∂t
=
4ρf r˙
D
− 4ρr˙
D
− ρ∂V
∂x
− V ∂ρ
∂x
(6.1)
Momentum
∂V
∂t
= −V ∂V
∂x
− 1
ρ
∂P
∂x
− V
ρ
4ρf r˙
D
(6.2)
Energy
ρCp(
∂T
∂t
+ V
∂T
∂x
)− (∂p
∂t
+ V
∂p
∂x
)− p
A
∂A
∂t
= ρ(
∂(CpTf )
∂t
+ V
∂(CpTf )
∂x
)
+
1
A
∂m˙g
∂x
(hgc − h+
V 2g
2
+
V 2
2
) (6.3)
Equation of State
P = ρRT (6.4)
6.1. Hybrid Rocket Instabilities
Oxidizer atomization and mixing instability is normally associated with the time
lag of vaporization and combustion of liquid droplets with liquid oxidizer injection,
although this phenomenon happens in the hybrids at a much slower pace. This
mechanism generally operates in the regime of low oxidizer mass flux and low
chamber pressure with a frequency of 5-19 cycles per second. The residence time of
an oxidizer droplet is important in determining the state of the oxidizer as it
interacts with the fuel. It is known from the research that residence time can be
increased either by lowering the oxidizer injection velocity or by increasing the
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length of the portion upstream of the fuel grain. However, a decrease in injection
velocity tends to increase droplet size which in turn reduces the vaporized oxidizer
mass fraction. It has been concluded that controlling droplet size is a more effective
method of increasing vaporization than varying injection velocity. The droplet size
can be reduced by increasing the pressure drop across the injector, using a
secondary gas injection or placing a diaphragm (orifice) ahead of the fuel grain with
a diameter considerably smaller than the port.
It was noted that although this type of very low frequency instabilities were
damped, the method appeared to have no effect on acoustic modes of the
combustion chamber. Chuffing instabilities are those associated with unstable
burning connected with the periodic accumulation and break off of char or melted
layers on the fuel surface. This instability is typically recognizable by low frequency
(1-100 cycles per second) pressure oscillations that do not appear to be coupled to
any chamber dimension, a thick char or soot layer buildup on the burned fuel grain
surface, and brightness variation of the motor exhaust with ejected solid matter.
The primary influence on chuffing instabilities is the type fuel material used.
Past research has shown that the use of charring binders such as polybutadienes,
generally in a metalized form, produces remarkable oscillations of this form. Under
similar operating conditions, no oscillations were noted when non-charring type
binders such as polyurethanes or poly methyl-methacrylate were used, even with
high metal loading. It is concluded that the use of metal hydrides instead of free
metals as additives reduced the tendency of distinct metalized char layer formation,
and presumably the level of instability.
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Pressure coupled combustion instability can be expected to occur through some
boundary layer mechanism which couples the fuel regression rate with the motor
chamber pressure. This coupling is known to be active in two regimes: one in which
finite reaction rate kinetics are dominant such as under high oxidizer flow rate or
low chamber pressure operation, and one in which radiative heat transfer is the
regression rate limiting mechanism such as with metalized fuels and under low
values of total mass flux. This type of instability oscillations is observed in the
medium frequency range of the order 20-1000 cycles per second.
Investigations on pressure coupled instabilities in hybrids are majorly conducted
on the kinetically limited combustion regime. It was observed that pressure
dependence of regression rate and the instability behavior are independent of the
pyrolysis characteristics of the fuel. A second observation was that the presence of
aluminum in the fuel had no influence on the burning rate sensitivity to pressure in
this regime. It was concluded that the combustion process of the volatile products
released by the vaporization of the fuel was the primary factor establishing pressure
dependence.
Vortex shedding is a phenomenon connected with regions of sudden expansion.
In hybrids, generally two areas exist where sudden expansion may occur: 1) the
volume immediately between the oxidizer injector and the forward end of the fuel
grain; and 2) the mixing chamber portion of the motor.
Vortex shedding mechanisms are generally considered to be most important to
hybrid instability in the mixing portion of the motor. This instability occurs in the
high frequency regime of magnitudes varying from 1000-4000 cycles per second.
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Due to the sudden expansion at the exit plane of the fuel, the shear layer develops
instability waves because of background perturbances. These instability waves “roll
up” to form coherent structures or vortices. This roll up occurs at the most
amplified vortex shedding frequency which is dependent on the characteristics of
the exit velocity profile such as shape, boundary layer thickness and jet exit
velocity.
These initially shed vortices grow and merge as they are propagated downstream
in a process known as pairing. In the experimental work conducted (Carmicino,
2009), the author has investigated axial and radial oxidizer-injection configuration
to generate instabilities inside the combustion chamber of a hybrid rocket. The
focus of the paper was on the assessment of the oxidizer injection effects upon the
hybrid rocket combustion stability.
Two different configurations were employed which generated, on the one hand, a
large re-circulation at the motor head end by means of an axial conical nozzle
feeding oxygen and on the other, more uniform flow through a radial injector. The
latter, by radially feeding the oxygen in the forward dump plenum, avoids the
formation of jet like pattern inside the fuel port.
The firing tests conducted with the axial injector did not show any significant
pressure oscillations in particular, longitudinal acoustic modes can be noted but
they are unconditionally well damped. No low frequency instability was detected.
Whereas the radial injector caused oscillations, the amplitude of which drastically
increased when the frequency of the vortex shedding approached the frequency of
the first longitudinal acoustic mode. Pressure spectra evidenced the pressure of low
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frequency activity in the range of 6-18 Hz, which is lower than the typical hybrid
instability frequency.
Fuel regression rate oscillates with the same frequency as pressure, and it seems
to lead the low-frequency pressure fluctuations in the highly unstable phases, that
is when coupling between acoustics and vortex shedding establishes. In this
situation, the frequency of these pressure oscillations increases and shifts toward
the intrinsic hybrid instability.
Coupling with vortex shedding actually takes place in the axial injector hybrid
engine as well, but pressure oscillations remain bounded in all conditions. The
reason why vortex shedding in the aft chamber does not have the same effect on
the motor stability with the two different injectors was attributed to the
amplification of acoustic modes by an additional distinct mechanism.
In fact, with the radial injector, unsteady heat release most likely takes place at
the entrance of the grain, due to local vortex shedding and inadequate flame
holding. Thus, the primary source of instability lies in the thermo-fluid dynamics in
the pre-chamber.
6.2. Partial Differential Form of Hybrid Rocket
This section discusses the numerical solution of the partial differential equations.
The aim of this section is to solve the entire system of equations together with the
spatial variations. The unsteady code is able to add the transient response of the
system and the spatial variation of the fluid-dynamic unknowns along the flow
direction, increasing the accuracy of the results at the expense of a higher
computational effort.
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The system of equations that represent the hybrid rocket combustion chamber is
of hyperbolic form. Equations 6.1-6.4 constitute a general PDE system to which
the Method Of Lines can be applied. Before proceeding to the details of how this
might be done, we need to discuss the three basic forms of the PDEs as classified
geometrically. This geometric classification can be done rigorously if certain
mathematical forms of the functions in Equations (1.5) – (1.7) are assumed.
However, we will adopt a somewhat more descriptive (less rigorous but more
general) form of these functions for the specification of the three geometric classes.
If the derivative functions in Equation (1.5) contain only first-order derivatives in x,
the PDEs are classified as a first-order hyperbolic. There are four partial
differential equations with eight unknowns, and it requires four initial conditions
and four boundary conditions (Schiesser & Griffiths, 2009).
There are different methods that can be used to solve the system of partial
differential equations. MacCormack’s predictor-corrector method, Lax-wenderoff
method, and Forward-Time Central-Space method to name a few that can be used
for solving the system of PDEs. The model is solved using a 4th order Runge
Kutta time marching scheme. The partial differential model is able to catch the
instabilities of the combustion chamber as it is shown in the following pictures.
The combustion process is taken into account through the variation in the OF
ratio which depends on the mass flow rate of the propellant. Introducing a
fluctuation in the oxidizer mass flow has a direct effect on the chamber properties.
The pressure oscillations at the injector plate is used as the boundary condition to
introduce the perturbations into the model.
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Some samples of the code outputs are presented in the following pictures. The
results have been compared with the experimental data given by the NASA
technical report. They are referred to a lab-scale GOX − HTPB hybrid rocket
motor developed in the frame of the AMROC project. The regression rate equation
has been chosen to match the experimental results. It is important to note that in
a hybrid rocket, the flow tends to be highly stratified due to the peculiar separation
between the fuel and oxidizer injection regions.
The heat source is a function of O/F ratio that has been calculated using the
regression model. The regression rate can be calculated with classical expressions.
Currently, for simplicity and to limit computational resources, the change in area is
considered uniform along the axial direction. To solve the unsteady partial
differential equations presented above, several numerical schemes have been
attempted. The spatial derivatives have been approximated with a 1st order
upwind scheme or a 2nd order central difference scheme. Method of lines is used to
solve the equations on a staggered grid. Other implemented codes use a collocated
arrangement, where all the variables are calculated at the same nodes.
The resulting equations have been solved with respect to time with a 4th order
Runge-Kutta scheme. Every numerical scheme has its own advantages and
drawbacks. First order methods are known to be less accurate and require a higher
discretization. Moreover, the upwind scheme introduces a numerical diffusion that
smooths the gradient in the flow field. Second order method are more accurate on
the same grid but in contrast to 1st order ones they are not bounded, so the
numerical results can present oscillations exceeding the exact values near steep
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gradients. For the time integration the 4th order Runge-Kutta scheme has been
chosen because it is accurate, explicit and easy to implement and upgrade when
further equations have to be included or modified.
6.3. Method of Lines Approach
The basic idea of the Method of lines is to replace the spatial (boundary-value)
derivatives in the PDE with algebraic approximations. Once this is done, the
spatial derivatives are no longer stated explicitly in terms of the spatial
independent variables. Thus, in effect, only the initial-value variable, typically time
in a physical problem, remains. In other words, with only one remaining
independent variable, we have a system of ODEs that approximate the original
PDE.
A sample step of spatial derivative approximation is explained below,
Tx ≈ Ti+1 − Ti
∆x
(6.5)
where ’i’ is the position along the space grid, and ∆x is the space between two
points along the axis. Thus, the partial differential equation can be converted into
an ordinary differential equation with initial conditions. The temporal integration
can be carried out using a Runge-Kutta scheme given by,
dTi
dt
= ui
Ti+1 − Ti
∆x
(6.6)
The system of non linear equations is typically solved by a variant of Newton’s
method that can be very demanding computationally if the number of ODEs is
large, but Method of Lines approach is so much easier to use for implicit
calculations. Also, the stability of this method is dependent on the
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courant-Friedricks-Lewy (CFL) number. The challenge, then, is to formulate the
approximating system of ODEs. Once this is done, we can apply any integration
algorithm for initial-value ODEs to compute an approximate numerical solution to
the PDE. Thus, one of the salient features of the MOL is the use of existing, and
generally well-established, numerical methods for ODEs.
6.3.1. Initial and Boundary Conditions
The initial and boundary conditions have to be well defined to make the system
of Partial Differential Equations a well-posed problem. The number of required
auxiliary conditions is determined by the highest order derivative in each
independent variable. As the system of equations is first order in t and x, it
requires four initial conditions and four boundary conditions. The initial and
boundary conditions for the above system of equations are defined below,
T (0, x) = 300K,P (0, x) = 0.5MPa, ρ(0, x) =
P (0, x)
RT (0, x)
, V (0, x) =
m˙ox
ρ ∗ Ap(0, x) (6.7)
P (t, 0) = f(t), T (t, 0) = 300, ρ(t, 0) =
P (t, 0)
RT (t, 0)
, V (t, 0) =
m˙ox(t)
ρ ∗ Ap(t, 0) (6.8)
6.4. Results and Discussion
The test system consisted of the hybrid motor and lox feed system. Figure 6.1
presents a sketch of the hybrid motor. The vaporization chamber was at the head
end of the hybrid motor and was lined with solid fuel that vaporized the lox when
burned. The vaporization chamber had optional solid fuel fins. These fins extended
radially from the walls to the center of the chamber and enhanced lox vaporization.
The lox injector was within the vaporization chamber.
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Two injectors were used in the test series. The first injector was used in the large
sub-scale solid rocket combustion simulator (LSSRCS) test series. The second
injector was used in the joint industry research and development (JIRAD) test
series. Both injector designs is presented in the report (Boardman, Carpenter,
Goldberg, & Shaeffer, 1993).
The solid fuel grain was downstream of the vaporization chamber. It was 108 in.
long and consisted of hydroxyl terminated polybutadiene (HTPB)-based fuel. The
solid fuel grain had six outer ports and a center port arranged in a wagon-wheel
cross section. The mixing chamber was downstream of the solid fuel grain and the
nozzle was downstream of the mixing chamber.
The test system that was considered to simulate the model is of length 2.74m
and the diameter of the port is 0.0762m and is given in the Figure . The fuel and
oxidizer considered for the experiment are HTPB and liquid oxygen mixture. Series
of tests were conducted by the Marshal Space Flight Center (MSFC). Two different
test results were compared in the current research, one is called as a stiff feed
system, which has an axial injection with no instabilities and the second one is a
soft feed system where the injector introduces the instabilities. The simulation had
very good agreement with the test data.
6.4.1. Results with Instabilities
This section validates the model by comparing the theoretical results calculated
with the experimental work conducted at the NASA Marshal Space Flight Center
facility. Pressure coupled combustion instability can be expected to occur through
some boundary layer mechanism that couples the fuel regression rate with the
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Figure 6.1 Test Setup to conduct experiments at NASA MSFC (Rocker, 2000)
motor chamber pressure. This mechanism generally operates in the regime of low
chamber pressure with a frequency of 5-19 cycles per second. The primary influence
on chuffing instabilities is the type of fuel material used. This coupling is known to
be active in different regimes.
The partial differential model of a hybrid rocket is solved to get the variations of
the flow properties as a function of space and time. The model is validated against
existing literature data and is in good agreement with the results. These
oscillations are introduced into the model through the boundary conditions. This
model captures the flow field at every location along the axis and at every time
step. The results will predict the pressure oscillations that were generated during
the experiments.
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Figure 6.2 Flame Temperature as a function of space and time
Agreement between the results of the transient model and actual test data was
very good. This agreement between simulated and actual test data indicated that
non-acoustic combustion instability in the hybrid motor can be captured. 6.16
shows the respective temperature oscillations using the system of equations. The
model is used to study the effect of low-frequency pressure perturbations. The
governing equations are further studied and will be applied to different cases.
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Figure 6.3 Oxidizer to fuel ratio as a function of space and time
Figure 6.4 Pressure variation as a function of space and time
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Figure 6.5 Pressure variation as a function of space and time
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Figure 6.7 Temperature variation as a function of space and time
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Figure 6.8 Temperature variation as a function of space and time
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Figure 6.9 Density variation as a function of space and time
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Figure 6.10 Density variation as a function of space and time
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Figure 6.11 Velocity variation as a function of space and time
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Figure 6.12 Velocity variation as a function of space and time
90
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (s)
0
0.5
1
1.5
2
2.5
3
3.5
4
P
re
s
s
u
re
 in
 P
a
106
-Injector Pressure
-Experimental Chamber Pressure
-Chamber Pressure from the current
model at x= 0.25, 0.3, ..length in m
Figure 6.13 Low-Frequency Pressure Instabilities Validation
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Figure 6.15 Low-Frequency Pressure Instabilities as a function of space and time
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Figure 6.16 Low-Frequency Temperature Instabilities as a function of space and
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7. Simplified Form of Unsteady Hybrid Rocket Equations
In this chapter a zero dimensional unsteady combustion chamber model have
been developed using the partial differential form of equations. This section shows
the process of approximating the spatial terms by using finite difference approach.
We shall now develop a calculation procedure based on the method of
characteristics.The numerator of a spatial derivative is taken as the fluid property
at the exit minus the property at the inlet. The denominator is taken as the length
of the grain. A sample equation is defined below in Equation 7.1.
dP
dx
=
Pexit − Pentrance
Length(Lp)
(7.1)
7.1. Continuity Equation
Consider the partial differential form of continuity equation, from the previous
chapter. The second term on the left hand side is the mass flow rate, given by
ρAV = m˙, rewriting the Equation gives,
∂
∂t
(ρA) +
∂m˙
∂x
=
∂m˙g
∂x
(7.2)
Approximate the second term on the left hand side of Equation 7.2 and simplify it
as follows,
∂m˙
∂x
=
4m˙
4x =
m˙e − m˙i
Lp
(7.3)
where m˙e is the mass flow rate at the exit, m˙i is the mass flow rate at the inlet,
and Lp is the length of the port. The nonlinear mass injection of the vaporized fuel
is taken into account through the term ∂m˙g
∂x
, that included the regression modeling
is given by,
∂m˙g
∂x
= ρsr˙piDH (7.4)
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where ρf is the fuel density, DH is the hydraulic diameter, and r˙ is the regression
rate of the solid fuel. substituting Equation 7.3 and Equation 7.4 into Equation 7.1
gives,
d
dx
(ρA) +
m˙e − m˙i
Lp
= ρsr˙piDH (7.5)
Multiply the above Equation 7.5 by the length Lp gives,
Lp
d
dt
(ρA) + m˙e − m˙i = ρsr˙piDHLp (7.6)
The mass flow rate of the fuel can be defined as m˙f = ρsr˙piDHLp. Rewriting the
continuity equation as,
Lp
d
dt
(ρA) = m˙i + m˙f − m˙e (7.7)
Expand the term on the left hand side of the Equation 7.7,
d
dt
(ρA) = ρ
dA
dt
+ A
dρ
dt
(7.8)
where A is the area of the port, and differentiating with respect to time is given by,
dA
dt
=
pi
2
DH
dDH
dt
(7.9)
The hydraulic diameter is defined as DH = D0 + 2w, with initial diameter D0 and
the web thickness w. Differentiating the hydraulic diameter with time and
substituting in Equation 7.9,
dA
dt
= piDH r˙ (7.10)
rewriting the continuity equation using Equation 7.10, and defining ALp = Vp as
the volume of the port given by,
Vp
dρ
dt
= m˙i + m˙f (1− ρ
ρf
)− m˙e (7.11)
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7.2. Momentum Equation
Consider the momentum equation, from previous chapter. Assuming
perpendicular gas injection, the momentum equation can be written as,
∂
∂t
(ρAV ) +
∂
∂x
(ρAV V ) + A
∂p
∂x
= 0 (7.12)
The second term on the left hand side of the above equation can be approximated
as below,
d
dx
(ρAV V ) =
d
dx
(m˙V ) = m˙
dV
dx
+ V
dm˙
dx
(7.13)
m˙
dV
dx
+ V
dm˙
dx
= m˙
Ve − Vi
Lp
+ V
m˙e − m˙i
Lp
(7.14)
ALp
dρ
dt
= m˙i + m˙f − ρpiDH r˙Lp − m˙e (7.15)
The third term on the left hand side of the equation can be written as,
A
dP
dx
= A
Pe − Pi
Lp
(7.16)
The unsteady term on the left hand side can be expanded as,
∂
∂t
(ρAV ) = V
∂
∂t
(ρA) + ρA
∂V
∂t
(7.17)
substituting Equation 7.14, Equation 7.16 and Equation 7.17 in Equation 7.12, to
get,
ρALp
dV
dt
= m˙(Vi − Ve) + V (m˙i − m˙e) + A(Pi − Pe)− V Lp ∂
∂t
(ρA) (7.18)
In the derivation of above equations, the assumption about the nature of the fluid
is that it is a continuum. substituting the continuity equation, the unsteady
velocity term can be obtained from the following equation,
ρVp
dV
dt
= m˙(Vi − Ve) + A(Pi − Pe)− V m˙f (7.19)
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7.3. Energy Equation
Consider the energy equation from previous chapter,
∂
∂t
(ρAh) +
∂
∂t
(ρA
V 2
2
)− ∂
∂t
(PA) =
− ∂
∂x
(ρAV h)− ∂
∂x
(ρAV
V 2
2
) +
∂m˙g
∂x
(hgc +
V 2g
2
)
(7.20)
where h is the enthalpy of the mixture, and hgc is the enthalpy of the injected mass.
The first term on the right hand side can be approximated as,
∂
∂x
(ρAV h) =
∂
∂x
(m˙h) = m˙
∂h
∂x
+ h
∂m˙
∂x
(7.21)
where dh is the change in enthalpy through which the combustion process is
modeled into the system. The enthalpy is dependent on the flame temperature and
eventually Tf is a function of OF ratio.
It follows the same process as that of previous sections, the sum of heat change
due to chemical reaction dhprand the temperature change dT in the system, given
by,
dh = −dhpr + CpdT (7.22)
where dhpr = d(CpTf ) is positive for the exo-thermal reactions, and Cp is the
specific heat capacity at constant pressure. substituting Equation 7.22 in the above
equation to get,
m˙
∂h
∂x
+ h
∂m˙
∂x
= m˙[
hpr,i − hpr,i
Lp
+
Cp(Te − Ti)
Lp
] + h
m˙e − m˙i
Lp
(7.23)
where, hpr,i is the enthalpy of the products at the inlet and hpr,e is the enthalpy at
the exit. Consider the second term on the right hand side of Equation 7.20,
∂
∂x
(ρAV
V 2
2
) =
m˙
Lp
(
V 2e − V 2i
2
) +
V 2
2
m˙e − m˙i
Lp
(7.24)
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The first term, unsteady enthalpy gradient, second term is kinetic energy and the
third term, work done by pressure forces on the right hand side of Equation 7.20
can be written as respectively,
∂d
∂dt
(ρAh) = ρA
dh
dt
+ h
d
dt
(ρA) (7.25)
∂
∂t
(ρA
V 2
2
) = ρA
d
dt
(
V 2
2
) +
V 2
2
d
dt
(ρA) (7.26)
∂
∂t
(PA) = P
dA
dt
+ A
dP
dt
(7.27)
substituting Equations 7.21, 7.23, 7.24, 7.25 in Equation 7.20 and doing some
algebra, the resulting energy equation is,
ρALp(−dhpr
dt
+ Cp
dT
dt
) + Lp(h+
V 2
2
)
d
dt
(ρA) + ρAV Lp
dV
dt
− PpiDH r˙Lp
−ALpdP
dt
= m˙[hpr,e − hpr,i − Cp(Te − Ti)]− (m˙e − m˙i)(h+ V
2
2
)
−m˙(V
2
e − V 2i )
2
+ m˙f (hgc +
V 2g
2
)
(7.28)
Use the continuity equation, Equation 7.7 and multiply (h + V
2
2
) on both sides to
get,
Lp(h+
V 2
2
)
d
dt
(ρA) = (m˙i + m˙f − m˙e)(h+ V
2
2
) (7.29)
Use the momentum equation, Equation 7.19 and multiply V on both sides to get,
ρV Vp
dV
dt
= m˙V (Vi − Ve) + AV (Pi − Pe)− V 2m˙f (7.30)
Subtract Equation 7.29 and Equation 7.30 from Equation 7.28, to get,
ρVpCp
dT
dt
− VpdP
dt
= ρVp
dhpr
dt
+ m˙[hpr,e − hpr,i − Cp(Te − Ti)]
−AV (Pi − Pe) + m˙f (hgc − h+ P
ρf
+
V 2g
2
+
V 2
2
)
+m˙[
V 2i − V 2e
2
+ V (Ve − Vi)]
(7.31)
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The behavior of combustion products in the chamber were governed by
conservation of mass, momentum and energy. The above system of equations are in
terms of 4 unknowns with 4 equations, these are solved to get the temporal
variations inside the combustion chamber. In an effort to save the computational
cost, the equation of state is used to reduce the system of equations to three
equations with three unknowns namely, density(ρ), velocity (V ), and pressure (P ).
The final system of equations that are solved to predict the flow are given by,
Vp
dρ
dt
= m˙i + m˙f (1− ρ
ρf
)− m˙e (7.32)
ρVp
dV
dt
= m˙(Vi − Ve) + A(Pi − Pe)− V m˙f (7.33)
Vp
γ − 1
dP
dt
= ρVp
d(CpTf )
dt
+ m˙(CpTf − CpTe)− AV (Pi − Pe)
+CpT (m˙i − m˙e) + m˙f (hgc− P
ρf (γ − 1) +
V 2g
2
+
V 2
2
)
+m˙[
V 2i − V 2e
2
+ V (Ve − Vi)]
(7.34)
7.4. Results and Discussion
Parameters of the combustion chamber model were obtained from the hybrid
motor design and operating conditions. The solid fuel ballistics model determined
both the regression rate and port radius as functions of time.The simulation had
very good agreement with the test data. The results obtained are in good
agreement with the experiments conducted at MSFC. The ordinary differential
form is much easier to solve than that of the partial differential equations and the
results are very much similar to that of the PDEs. However some complex
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three-dimensional phenomena and damping mechanisms that are not considered
directly in the one dimensional mathematical treatment are present in a real motor.
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Figure 7.1 Pressure History Comparison with time
Higher order methods are more accurate with regard to the exact solutions of the
1D mathematical model, which can get the necessary accuracy in respect with the
real motor physical behavior. Heat of combustion is added through the flame
temperature using CEA code based on instantaneous OF ratio and pressure in the
combustion chamber. It is possible in the future to introduce more complicated
expressions like those used for chemical Equilibrium Code. The geometry that was
used for the differential form is the same as that was used in the previous chapter.
The above system of equations is integrated using the 4th order Runge-Kutta
scheme. The heat of combustion is calculated using the CEA code based on the
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Figure 7.2 Density Variation with time
instantaneous OF ratio and pressure in the combustion chamber. The tests
exhibited non-acoustic combustion instabilities. Figure 7.1 presents a chamber
pressure comparison between a simulation generated by the current model and test
data.
The pressure history is termed as a stiff feed system, which means the
measurements show no oscillations in the combustion chamber. Figure 7.4 shows
both the chamber pressure simulated by the model and the experiments. This
chamber pressure is referred to as a soft feed system, which exhibits low-frequency
perturbations. The oscillations were generated by modifying the shape of the
injector. The stiff feed system has an axial injector and the soft feed system has
fueled lining injector which forces the pressure pertubations into the experiments.
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Figure 7.3 Temperature Variation with time
The current model was based on a lumped parameter representation of conservation
of mass and energy in the combustion. Also, different hybrid combustion instability
mechanisms can be captured using the current model. The low-frequency instability
mechanism was atomization/vaporization which was modeled by the current system
of equations. From the calculated data, it was observed that all combustion
temperature versus mixture ratio curves were scaled by the stoichiometric
temperature to a single dimensionless curve. This curve was called the scaled
combustion temperature. Also, from the calculated data, it was observed that the
stoichiometric temperature that occurred at a mixture ratio of 3.2 varied
non-linearly with the OF ratio.
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8. Conclusion and Recommendations
The study of transient behavior is a fundamental need for the development of
high performing hybrid rocket motors, particularly the understanding of transient
behavior is essential for the analysis of instabilities. The regression rate modeling
is a very key parameter in estimating the flow parameters of a hybrid rocket. This
work addresses the importance of space-time regression rate calculations that drive
the internal ballistics. The partial differential equations that govern the space–time
coupled dynamics of the port geometry in the simple case of a circular port have
been studied.
The method has been applied to the case of paraffin-based fuels burned with
GOX. The results indicated a very weak length dependency in the regression rate
law. This observation is consistent with the experimental results. Initially, the
steady-state model is validated and applied to different cases, namely the isentropic
flow, Rayleigh flow and the effect of mass injection. The results are in good
agreement with the literature data, which proves the validation of the current
model. These governing equations are then applied to a hybrid rocket combustion
chamber, and reveal an interesting phenomenon of the flow properties.
Previous researchers show that the temperature profile follows a linear trend from
entry to exit inside a combustion chamber of a hybrid rocket. However, when the
flame temperature is considered as a function of the O/F ratio, the results show
that there is a deviation in the temperature profile towards the exit. This deviation
is due to the fact that the flame temperature varies with O/F ratio in a non-linear
fashion when combined with the mass injection.
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The computational study of the steady-state model of a hybrid rocket
combustion chamber is implemented using a global reaction model. The average
values from the CFD work and the one dimensional steady state results were
compared. A novel approach that uses flame temperature as a heat source to model
the hybrid combustion chamber is presented and the comparisons are drawn with
the actual chemical kinetics model. The one-dimensional steady-state model is in
good comparison with the CFD results.
The partial differential model of a hybrid rocket is solved to get the variations of
the flow properties as a function of space and time. The model is validated against
existing literature data and is in good agreement with the results. This is used to
study the effect of low-frequency pressure perturbations. These oscillations are
introduced into the model through the boundary conditions. The system of
equations captures the flow field at every location along the axis and at every time
step. The results will predict the pressure oscillations that were generated during
the experiments.
A transient zero-dimensional model is developed for a hybrid rocket using a
control volume approach. The steady terms of the equations are approximated by
space averaging. The combustion process is included in the model through the
enthalpy gradient, which is taken as a function of the OF ratio. This history was
obtained from the NASA CEA code. The model is validated against existing
literature data and is in good agreement with the results. The results predict the
pressure oscillations accurately that were generated by the experiments and can be
used as a data reconstruction tool as well.
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8.1. Future Work
1. Using the transient model different instabilities can be studied such as the
medium frequency, and high-frequency instabilities that constitute for
pressure-coupling, vortex shedding, and acoustics.
2. The consequences of the variable mass flow rate of the liquid oxidizer are
studied. This model has the capability to introduce oscillations through the
oxidizer mass flow rate.
3. The effects of variable port geometry along the axial direction, such as an
orifice or a diaphragm are evaluated.
4. Different port geometries are considered where the effect of geometry such as
a circular port, square port and a triangular port on the flow parameters are
studied.
5. The stability of the flow to the throttling of the oxidizer is analyzed.
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APPENDIX A - STEADY STATE VALIDATION CASES
Simple Case
Let us start the validation by deriving the isentropic relations from the governing
equations. Consider a constant area duct and neglect all the source terms,the
derived governing equations from the second chapter can be written as
Continuity
ρ
dV
dx
+ V
dρ
dx
= 0 (1)
Momentum
ρV
dV
dx
+ ρR
dT
dx
+RT
dρ
dx
= 0 (2)
Energy
ρV Cv
dT
dx
+ p
dV
dx
= 0 (3)
Using eqn (1), eqn (3) can be written as
ρCv
dT
dx
= RT
dρ
dx
(4)
Integrating the above equation from a station 1 to station 2 and using the relation
Cv =
R
γ−1 we get
T2
T1
= (
ρ2
ρ1
)γ−1 (5)
Nozzle Flow
This section considers the effect of varying cross section for an isentropic flow
assuming constant entropy. First, the equations are non-dimensionalized with
respect to their entrance values and then two cases are checked namely a
convergent nozzle and a convergent-divergent nozzle. The flow in both cases is
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choked for a corresponding A
∗
Ai
value, where A∗ represents the area at sonic
condition and Ai represents area of the inlet.
Considering the assumptions mentioned below and non-dimensionalize the
variables with respect to their inlet conditions. This helps in simplifying the
structure of equations. The terms in the system of equations are
non-dimensionalized using ρ = ρiρ¯, V = ViV¯ , T = TiT¯ , x = Lpx¯, A = A
∗A¯, where the
variables with bar represents non-dimensional values, the variables with subscript i
represents the values at the inlet and Lp is the axial length.
Assumptions:
Steady state, Isentropic flow, Inviscid flow, No Combustion, No mass injection
The governing equations considering all the assumptions can be written as
Continuity
ρ
dV
dx
+ V
dρ
dx
= −ρV
A
dA
dx
(6)
Momentum
ρV
dV
dx
+ ρR
dT
dx
+RT
dρ
dx
= 0 (7)
Energy
ρV Cv
dT
dx
+ p
dV
dx
= −pV
A
dA
dx
(8)
The non-dimensional form of equations for this case are
Continuity
ρ¯
dV¯
dx¯
+ V¯
dρ¯
dx¯
= − ρ¯V¯
A¯
dA¯
dx¯
(9)
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Momentum
γM2i ρ¯V¯
dV¯
dx¯
+ T¯
dρ¯
dx¯
+ ρ¯
dT¯
dx¯
= 0 (10)
Energy
1
γ − 1 V¯
dT¯
dx¯
+ T¯
dV¯
dx¯
= − T¯ V¯
A¯
dA¯
dx¯
(11)
Problem setup in a converging channel
The entrance conditions considered to solve the problem are as follows.
γ = 1.4, R = 287 J
Kg−K , Ti = 288K,Vi = 34
m
s
, ai = 340.2
m
s
, Pi = 1MPa, ρi = 12
Kg
m3
A¯ =
A
Ai
=
A∗
Ai
+ (1− A
∗
Ai
)(1− x¯) (12)
dA¯
dx¯
= −(1− A
∗
Ai
) (13)
The entrance conditions in non-dimensional form are given by T¯ (x¯ = 0) = 1, V¯ (x¯ =
0) = 1, ρ¯(x¯ = 0) = 1. Now the system of equations eqn (9, 10,11) are integrated
from x¯ = 0 to x¯ = 1. All the non-dimensional ratios on the y-axis are with respect
to choking conditions.
Problem setup in a Convergent-Divergent Nozzle
In a convergent-divergent nozzle two cases are checked, one with a subsonic inlet
condition and other with a supersonic inlet condition. The flow is choked at the
throat in both cases which shows the validation of the governing equations. The
entrance conditions are same as that of previous section but the equation for
change in area for the convergent section is given by
A¯ =
A
Ai
= 1− 2x¯(1− A
∗
Ai
) (14)
dA¯
dx¯
= 2(
A∗
Ai
− 1) (15)
116
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Mac Number
100
Subsonic Convergent Nozzle
Velocity ratio
Density ratio
Temperature ratio
Pressure ratio
Figure 1 Non-dimensional Flow Parameters in a Convergent Nozzle
and the change in area for the divergent section is given by
A¯ =
A
Ai
= 2
A∗
Ai
− 1 + 2x¯(1− A
∗
Ai
) (16)
dA¯
dx¯
= 2(1− A
∗
Ai
) (17)
All the non-dimensional ratios on the y-axis are with respect to choking conditions.
Rayleigh Line
The Present section focuses on a process involving changes in the stagnation
temperature of the flow with constant area and inviscid assumptions.
Assumptions:
Steady state, Inviscid flow, Constant area, No mass injection
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Figure 2 Non-dimensional Flow Parameters in a Convergent Divergent Nozzle with
the Subsonic Inlet and Supersonic Exit
The heat is added into the flow by creating a temperature difference at the
entrance and exit conditions. In reality this temperature gradient can be created in
different ways like combustion or heat addition. Consider the governing equations
and assume the heat addition into the system from the enthalpy gradient ρV dhpr
dx
,
the equations can be written as
Continuity
ρ
dV
dx
+ V
dρ
dx
= 0 (18)
Momentum
ρV
dV
dx
+ ρR
dT
dx
+RT
dρ
dx
= 0 (19)
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Figure 3 Non-dimensional Flow Parameters in a Convergent Divergent Nozzle with
the Supersonic Inlet and Supersonic Exit
Energy
ρV Cv
dT
dx
+ p
dV
dx
= ρV
dhpr
dx
(20)
The term dhpr
dx
is defined as follows
dhpr
dx
= Cp
4T0
4x = Cp
T ∗0 − T0i
Lp
(21)
The equations (18, 19, 20) are non-dimensionalized as described in the previous
section and they look like
Continuity
ρ¯
dV¯
dx¯
+ V¯
dρ¯
dx¯
= 0 (22)
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Momentum
γM2i ρ¯V¯
dV¯
dx¯
+ T¯
dρ¯
dx¯
+ ρ¯
dT¯
dx¯
= 0 (23)
Energy
dT¯
dx¯
+ (γ − 1) T¯
V¯
dV¯
dx¯
= γ
T0i
Ti
(
T ∗0
Ti
− 1) (24)
where the terms with subscript 0 represents stagnation condition and the terms
with superscript ∗ represents a choked condition.
Problem setup to validate Rayleigh line
The continuity, momentum and energy equations that are listed above eqn (22,
23, 24) are integrated from x¯ = 0 to x¯ = 1 with the entrance conditions
γ = 1.4, R = 287 J
Kg−K , Ti = 288K,Vi = 34
m
s
, ai = 340.2
m
s
, Pi = 1MPa, ρi = 12
Kg
m3
.
Two cases are checked one with a subsonic inlet condition and the other with a
supersonic inlet condition. The results obtained is in very good agreement with the
reference values ([Shapiro, 1953], fig.7.3, page-196). All the non-dimensional ratios
on the y-axis are with respect to choking conditions.
In this section, let us observe the effect of mass addition along the length. The
flow is assumed to be inviscid with a constant cross sectional area and there is no
combustion in the duct. The mass is added perpendicular to the flow direction, so
the axial velocity component of the mass injection is zero.
Assumptions:
Steady state, Inviscid flow, Constant area, No combustion, perpendicular mass
addition
The continuity, momentum and energy equations can be written as
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Figure 4 Subsonic Inlet for Rayleigh Flow
Continuity
ρ
dV
dx
+ V
dρ
dx
=
1
A
dm˙g
dx
(25)
Momentum
ρV
dV
dx
+ ρR
dT
dx
+RT
dρ
dx
=
−V
A
dm˙g
dx
(26)
Energy
ρV Cv
dT
dx
+ p
dV
dx
=
1
A
dm˙g
dx
(hgc − h+RT +
V 2g
2
+
V 2
2
) (27)
Now, let us define the terms on the right hand side of the system of equations with
respect to the hybrid rocket combustion chamber. The terms in eqn (27)
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Figure 5 Supersonic Inlet for Rayleigh Flow
dm˙g
dx
, hgc, h,
V 2g
2
can be defined as follows. Assuming a circular port, the area of the
cross section is
A =
pi
4
D20 (28)
where D0 is the diameter of the port. The fuel injection term
dm˙g
dx
is given by
dm˙g
dx
= ρf r˙C = ρf r˙piD0 (29)
where ρf is the density of the fuel,r˙ is the regression rate of the hybrid rocket taken
as
r˙ = a(x+D0)
m(Gox +Gf )
n (30)
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where a,m, n are regression rate empirical coefficients, Gox is the oxidizer mass flux
rate
Gox =
4m˙ox
piD20
(31)
Gf = is the fuel mass flux rate
Gf =
4ρq
D0
(32)
where q is given by
q =
∫ x
0
r˙(ζ)dζ (33)
By using the definition of r˙ from eqn (30) and integrating q we get
q =
D0Gox
4ρf
{[
4ρf
D0Gox
aGnoxD
m+1
0 (1− n)
m+ 1
(
(
x
D0
+ 1)m+1 − 1
)
+ 1
] 1
1−n
− 1
}
(34)
As defined earlier, hgc is the enthalpy of injected gas at cold temperature given
below
hgc = CpgTc (35)
where Cpg is the specific heat at constant pressure of the injected gas and Tc is the
temperature of the solid fuel at its reference state. Since there is no combustion the
term h is given by
h = CpT (36)
where Cp is the specific heat at constant pressure of the main stream and T is the
temperature of the main stream. The velocity of the gas from mass injection Vg is
defined as
ρVg = r˙ρf (37)
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Vg =
r˙ρf
ρ
(38)
The non-dimensional form of the above equations (25, 26, 27) are
Continuity
ρ¯
dV¯
dx¯
+ V¯
dρ¯
dx¯
= 4
Lp
D0
ρf
ρi
r˙i
Vi
¯˙r (39)
Momentum
γM2i ρ¯V¯
dV¯
dx¯
+ T¯
dρ¯
dx¯
+ ρ¯
dT¯
dx¯
= −4Lp
D0
ρf
ρi
r˙i
Vi
γM2i ¯˙rV¯ (40)
Energy
ρ¯V¯
dT¯
dx¯
+ (γ − 1)ρ¯T¯ dV¯
dx¯
= 4
Lp
D0
ρf
ρi
r˙i
Vi
¯˙r(γ − 1)
[
Cpg
R
Tc
Ti
− T¯ + γM
2
i
2
(V¯ 2 + (
ρf
ρi
r˙i
Vi
¯˙r
ρ¯
)2)
]
(41)
Regression rate
¯˙r = (1 +
Lp
D0
x¯)m(1 +
4ρfq
D0Gox
)n (42)
where
q =
D0Gox
4ρf
{[
4ρf
D0Gox
aGnoxD
m+1
0 (1− n)
m+ 1
(
(x¯
Lp
D0
+ 1)m+1 − 1
)
+ 1
] 1
1−n
− 1
}
(43)
Problem Setup for cold gas injection
The above equations (39,40,41) are solved for two different cases, one with
subsonic inlet condition and the other with supersonic inlet condition. The results
obtained for both the cases are in good agreement with the reference values
[Shapiro,1953]. The governing equations are integrated from x¯ = 0 to x¯ = 1 with
the entrance conditions m˙ox = 7.95
kg
s
, Lp = 2.38m,D0 = 0.152m,Ti = 333.34K,Tc =
288K, ρi = 1.3359
Kg
m3
, Visupersonic = 731.94
m
s
, Visubsonic = 34
m
s
, ρf = 1000
Kg
m3
, a =
124
2.066 ∗ 10−5,m = −0.15, n = 0.75, γ = 1.4, R = 287 J
Kg−K . The results obtained is in
very good agreement with the reference values ([Shapiro, 1953],fig.8.3, page-241).
All the non-dimensional ratios on the y-axis are with respect to choking conditions.
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Figure 6 Supersonic Inlet for Cold Gas Injection
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